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directed trees and nonzero weights by dropping the assump-
tion of density of C'>-vectors in the underlying #2-space.
© 2015 Elsevier Inc. All rights reserved.

1. Preliminaries
1.1. Introduction

In 1950 Halmos introduced the notion of a bounded subnormal operator and gave its
first characterization (cf. [34]), which was successively simplified by Bram [8], Embry
[27] and Lambert [40]. Neither of them is true for unbounded operators (see [22] and
[61-63] for foundations of the theory of bounded and unbounded subnormal operators).
The only known general characterizations of subnormality of unbounded operators refer
to semispectral measures or elementary spectral measures (cf. [7,31,68]). They seem to
be useless in the context of particular classes of operators. The other known criteria for
subnormality (with the exception of [69]) require the operator in question to have an
invariant domain (cf. [62,65,21,2]). In this paper we give a criterion for subnormality of
densely defined composition operators (in L?-spaces) with no additional restrictions.

Composition operators occur in many areas of mathematics. They play a vital role
in ergodic theory and functional analysis. The theory of bounded composition operators
seems to be well-developed (see [53,46,71,36,41,42,26,30,55,17,15,16]; see also [28,43,56,
25,59] for particular classes of such operators). As opposed to the bounded case, the the-
ory of unbounded composition operators is at a rather early stage of development. There
are few papers concerning this issue. Some basic facts about unbounded composition
operators can be found in [18,37,13,10]. To the best of our knowledge, there is no paper
concerning the question of subnormality of (general) unbounded composition operators.
A criterion for subnormality of certain composition operators built over directed trees
can be deduced from [11, Theorem 5.1.1] via [39, Lemma 4.3.1]. However, it requires the
operator in question to have dense set of C*°-vectors. The reason for this is that its proof
is based on an approximation technique derived from [21, Theorem 21| in which the in-
variance of the domain plays an essential role. In other words, this technique could not be
applied when looking for a general criterion for subnormality of unbounded composition
operators. On the other hand, Lambert’s characterization of bounded subnormal compo-
sition operators, which is written in terms of the Radon-Nikodym derivatives {hgn }52
(cf. (3)), is no longer valid in the unbounded case (see [39, Theorem 4.3.3] and [13,
Section 11]).

In the present paper we give the first ever criterion for subnormality of unbounded
composition operators, which becomes a new characterization of subnormality in the
bounded case. It states that if an injective densely defined composition operator has a
measurable family of probability measures that satisfies the so-called consistency con-
dition, then it is subnormal (cf. Theorem 9). The consistency condition appeals to the
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Radon—-Nikodym derivative hy. To invent it, we revisit Lambert’s construction of a quasi-
normal extension of a bounded subnormal composition operator which is given in [42].
Surprisingly, the pseudo-moments of a measurable family of probability measures that
satisfies the consistency condition are given by the Radon-Nikodym derivatives {hgn } 5
(cf. Theorem 17).

The paper consists of three parts. The first contains some background material con-
cerning Stieltjes moment sequences, composition operators and conditional expectation
(with respect to ¢~1(7)). The second consists of four sections. Section 2.1 provides the
main criterion for subnormality of unbounded composition operators (cf. Theorem 9).
That this criterion becomes a characterization in the bounded case is justified in Sec-
tion 2.2. The consistency condition is investigated in Section 2.3. In particular, it is
proved that the consistency condition behaves well with respect to the operation of tak-
ing powers of composition operators (cf. Proposition 23). Section 2.4 deals with the strong
consistency condition, a variant of the consistency condition which does not appeal to
conditional expectation. It is shown that in the bounded case the strong consistency
condition is equivalent to requiring that the Radon-Nikodym derivatives {hyn}52 be
invariant for the operator of conditional expectation (cf. Proposition 30). The third part
of the paper deals with particular classes of bounded or unbounded composition oper-
ators. In Section 3.1 we prove that composition operators in LQ(MV) induced by normal
K X k matrices are subnormal, where ji, is a Borel measure on R” with a density function
given by an entire function with nonnegative Taylor coefficients at 0 (cf. Theorem 32).
The question of subnormality of composition operators in L?-spaces over discrete mea-
sure spaces is reexamined in Section 3.2 (cf. Theorem 35). A model for such operators
with injective symbols is established in Remark 37. In Section 3.3 we introduce a “lo-
cal consistency technique” which is new even in the bounded case (cf. Lemma 38). It
enables us to deduce subnormality of a composition operator in an L2-space over a dis-
crete measure space from the Stieltjes determinacy of the Radon—Nikodym derivatives
{hgn+1}52g (cf. Theorem 41). In Section 3.4 we use the “local consistency technique”
to model subnormal composition operators induced by a transformation which has only
one essential fixed point. Section 3.5 deals with the question of subnormality of a class
of composition operators over a directed tree with finite constant valences on genera-
tions. In this case, even though the operator of conditional expectation is far from being
the identity, we can use the strong consistency condition. This enables us to character-
ize subnormality within this class by using Lambert’s condition (cf. Theorem 44), the
phenomenon known so far for unilateral and bilateral injective weighted shifts only. In
Section 3.6 we show that Theorem 5.1.1 of [11], which is a criterion for subnormality of
a weighted shift on a directed tree, remains valid if the assumption that C'*°-vectors are
dense is dropped, provided the weights are nonzero and the tree is rootless and leafless
(cf. Theorem 47).

The paper is concluded with Appendices A, B and C concerning composition operators
induced by roots of the identity, symmetric composition operators and orthogonal sums
of composition operators.
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1.2. Prerequisites

We write Z, R and C for the sets of integers, real numbers and complex numbers,
respectively. We denote by N, Z, and R, the sets of positive integers, nonnegative
integers and nonnegative real numbers, respectively. Set R, = R, U {oo}. In what
follows, we adhere to the convention that 0-oco0 = oo -0 = 0, % = 00 and % =1.1If
¢: X — Ry is a function on a set X, then we put {¢ = 0} = {x € X:{(z) = 0} and
{¢ >0} = {z € X:({(x) > 0}. Given subsets A, A,, of X, n € N, we write A,, /A as
n— ocoif A, C A,y foreveryn € Nand A = Uzozl A,,. The characteristic function of a
subset A of X is denoted by x A. The symbol o(&?) is reserved for the o-algebra generated
by a family &2 of subsets of X. All measures considered in this paper are assumed to
be positive. Given two measures p and v on the same o-algebra, we write y < v if
1 is absolutely continuous with respect to v; then 3_5 stands for the Radon—Nikodym
derivative of  with respect to v (provided it exists). We shall abbreviate the expressions
“almost everywhere with respect to p” and “for p-almost every x” to “a.e. [u]” and
“for p-a.e. x”, respectively. As usual, L?(u) stands for the Hilbert space of all square
integrable (with respect to a measure p) complex functions on X. If y is the counting
measure on X, then we write £2(X) in place of L?(u). The o-algebra of all Borel sets
of a topological space Z is denoted by B(Z). In what follows d¢; stands for the Borel
probability measure on R concentrated at t € R;. The closed support of a finite Borel
measure v on Ry is denoted by suppv.

Now we state an auxiliary lemma which follows from [45, Proposition I-6-1] and |3,
Theorem 1.3.10].

Lemma 1. Let & be a semi-algebra of subsets of a set X and iy, pa be measures on o( )
such that p(A) = pe(A) for all A € P. Suppose there exists a sequence {A,}2, C P
such that A, /' X asn — oo and p1(Ag) < 0o for every k € N. Then uy = po.

From now on, we write fooo instead of fR+. A sequence {a,}32, C R is said to be a
Stieltjes moment sequence if there exists a Borel measure v on R, called a representing
measure of {a,}22, such that

ap, = /sny(ds), ne’Zy.
0

If such a v is unique, then {a,}>2, is called determinate. A Borel measure v on Ry is
said to be determinate if all its moments fooo s"v(ds), n € Z4, are finite and the Stieltjes
moment sequence { [~ s"v(ds)}32, is determinate. Sequences or measures which are
not determinate are called indeterminate. Recall that any finite Borel measure on R
with compact support is determinate (cf. [32]). Another criterion for determinacy can
be deduced from the M. Riesz theorem (cf. [32] and [39, Lemma 2.2.5]).
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A Borel measure v on R} whose all moments are finite and v({0}) =0
is determinate if and only if C[t] is dense in L?((1 + t*)v(dt)), (1)

where C[t] stands for the ring of all complex polynomials in real variable t. We refer the
reader to [5, Proposition 1.3] for a full characterization of determinacy. The following
useful lemma is related to [50, Exercise 23, Chapter 3]. We include its proof to keep the
exposition as self-contained as possible.

Lemma 2. If {a,,}22, C (0,00) is a Stieltjes moment sequence with a representing mea-
An41
An

o0 . . . .
sure v, then the sequence { }n—O is monotonically increasing and

a
sup =L = sup(supp v).
TLEZ+ Qn,

Proof. Applying the Cauchy—Schwarz inequality, we deduce that the sequence {% }:ozo

is monotonically increasing. This implies that

Ap41 1. Gp41 (1) . €]
sup = lim = lim {/a, = sup(suppv),
neZ, On n—oo Gy n—oo

where (1) and (1) may be inferred from [58, Lemma 2.2] (with 2 =Z,, A(n) =n+1
and ¢(n) = a,) and [50, Exercise 4, Chapter 3|, respectively. 0O

Let A be an operator in a complex Hilbert space H (all operators considered in this
paper are linear). Denote by D(A), N(A), R(A) and A* the domain, the kernel, the
range and the adjoint of A (in case it exists) respectively. Set D>(A) = N2, D(A™)
with A® = I, where I = I3 stands for the identity operator on H. Members of D> (A)
are called C*-vectors of A. A vector subspace £ of D(A) is called a core for A if £ is
dense in D(A) with respect to the graph norm of A. If A is closed and densely defined,
then A has a (unique) polar decomposition A = U|A|, where U is a partial isometry
on H such that the kernels of U and A coincide and |A| is the square root of A*A (cf.
[6, Section 8.1]). Given two operators A and B in H, we write A C B if D(A) C D(B)
and Af = Bf for all f € D(A). In what follows B(H) stands for the C*-algebra of all
bounded operators in H whose domains are equal to H. A densely defined operator IV
in H is said to be normal if N is closed and N*N = NN* (or equivalently if and only
if D(N)=D(N*) and ||[Nf| = ||N*f| for all f € D(N), see [6]). We say that a densely
defined operator S in H is subnormal if there exist a complex Hilbert space K and a
normal operator N in K such that H C K (isometric embedding), D(S) C D(N) and
Sf = Nfforall f € D(S). Since powers of a normal operator are normal, we see that any
densely defined power of a subnormal operator is still subnormal. The members of the
next class are related to subnormal operators. A closed densely defined operator A in H
is said to be quasinormal if U|A| C |A|U, where A = U|A| is the polar decomposition
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of A. Recall that quasinormal operators are subnormal (see [9, Theorem 1] and [62,
Theorem 2]). The reverse implication does not hold in general. It is well-known that if
S is subnormal, then {||S™f||2}22, is a Stieltjes moment sequence for every f € D>(9)
(see [11, Proposition 3.2.1]). The converse does not always hold, even if D>°(S) is dense
in H (see [11, Section 3.2]).

Let (X, o, ) be a o-finite measure space. A map from X to X is called a transfor-
mation of X. Let ¢ be an &/-measurable transformation of X, i.e., $~1(A) € & for all
A € /. Denote by po¢~! the measure on o7 given by o ¢~ 1(A) = p(¢p~1(A)) for
A € o/. We say that ¢ is nonsingular if uo ¢~ is absolutely continuous with respect
to . The following is easily seen to be true.

If ¢ is nonsingular, Y is a nonempty set and f,g: X — Y are
functions such that f = g a.e. [u], then fo¢ =go ¢ a.e. [u]. (2)

Clearly, if ¢ is nonsingular, then the map Cy: L?(u) 2 D(Cy) — L*(u) given by

D(Cy) = {f € L*(n): fo ¢ € L*(u)} and Cyf = fo ¢ for f € D(Cy),

is well-defined (and linear); the converse is true as well. Such Cy is called a composition
operator with a symbol ¢ (or induced by ¢). Note that every composition operator
is closed (cf. [13, Proposition 3.2]). If ¢ is nonsingular, then by the Radon—Nikodym
theorem there exists a unique (up to sets of measure p zero) o/-measurable function
hy: X — R, such that

poo ()= [hodn, Aca, 3)
A

Recall that D(Cy) = L?(u) if and only if hy € L>(u); moreover, if hy, € L>(u), then
Cy € B(L*(p)) and [|Cyl|* = ||hg || oo () (see e.g., [46, Theorem 1]). It is well-known that
(cf. [18, Lemma 6.1])

if ¢ is nonsingular, then Cy is densely defined if and only if hy < co a.e. [u].  (4)
Note also that (cf. [13, Proposition 6.5])
if ¢ is nonsingular, then hy 0 ¢ > 0 a.e. [u]. (5)

The following fact is patterned on the integral formula due to Embry and Lambert (cf.
29, p. 168]).
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Proposition 3. Let (X, .o/, 1) be a o-finite measure space and ¢ be a nonsingular trans-
formation of X such that hy < oo a.e. [u]. Then

hf d;) = / fdu for any o/ -measurable function f: X — R,. (6)
¢, [0}

X {hy>0}

Proof. Apply (5) and the measure transport theorem (cf. [3, Theorem 1.6.12]) to the
restriction of ¢ to a set of u-full measure on which hy o ¢ is positive. O

Given n € N, we denote by ¢” the n-fold composition of ¢ with itself; ¢° is the identity
transformation idy of X. We write ¢~ "(A) = (¢")"1(A) for A € & and n € Z,. If ¢
is nonsingular and n € Z, then ¢™ is nonsingular and thus hs» makes sense. It is clear
that hgo =1 a.e. [u].

The question of when a (not necessarily densely defined) composition operator is
bounded from below has an explicit answer.

Proposition 4. Let (X, o/, 1) be a o-finite measure space and ¢ be a nonsingular trans-
formation of X. If ¢ is a positive real number, then the following two conditions are
equivalent:

(i) [ICs Il = cllfII for every f € D(Cy),
(ii) hy = ¢ a.e. [p].

Proof. If (i) holds, then
/ (hy— A)f2du=0, feDCy). (7)
X

Since p is o-finite, there exists a sequence {X,,}22 ; C & such that u(Xj) < oo for every
k>1,and X,, /X asn — 0. Set V,, = X,, N{z € X:hy <n}forn>1 Fixn>1 Tt
is easily seen that xa € D(Cy) for any A € &7 such that A CY,,. Substituting f = xa
into (7), we get [, |hg —c*|dp < oo and [, (hg —c*)dp > 0 for every A € o such that
A CY,. This implies that hy —c? > 0 a.e. [u] on Y,,. Since Y}, /Y as k — oo, where
Y ={z € X:hy(x) < oo}, we conclude that h, > ¢* a.e. [u]. The reverse implication is
obvious. O

Now we collect some properties of conditional expectation that are needed in this
paper. Set ¢~1() = {¢p71(A): A € &}. Suppose ¢ is a nonsingular transformation
of X such that hg < co a.e. [u]. Then the measure j|g-1(n) is o-finite (cf. [13, Proposi-
tion 3.2]), and thus by the Radon—Nikodym theorem, for every «7-measurable function
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f: X — R, there exists a unique (up to sets of measure p zero) ¢~'(</)-measurable
function' E(f): X — R, such that for every .«Z-measurable function g: X — R,

[oo0-ran=[go0-E)dn (3)

X X

We call E(f) the conditional expectation of f with respect to ¢~!(<7) (see [48] and [13] for
more information). For simplicity we do not make the dependence of E(f) on ¢ explicit.
It is well-known that

if0< f, 2 f and f,, [ are o/-measurable, then E(f,) /' E(f), (9)

where g, * g means that for y-a.e. x € X, the sequence {g,(z)}52 is monotonically in-
creasing and convergent to g(z). Note that for every .Z-measurable function u: X — R,
there exists a unique (up to sets of measure y zero) </-measurable function g: X — R,
such that wo ¢ = go ¢ ae. [u] and g = 0 ae. [u] on X \ 24, where 24 := {hy > 0}.
Indeed, by the measure transport theorem, we have f¢,1(A) uo¢du = fA uhgdy =
faﬁ*l(A)(u X2,) 0 ¢du for all A € &7, and thus g = u xg, has the required properties
(because |41y is o-finite). A similar argument yields the uniqueness of g. As a conse-
quence, if f: X — R is an &/-measurable function, then E(f) = go ¢ a.e. [u] with some
o/-measurable function g: X — R such that g = 0 a.e. [u] on X \ 2. Set E(f)op~t =g
a.e. [u]. By the above discussion (see also [18]), this definition is correct and

(E(f)op ) odp=E(f) ae. [ply-1(a)). (10)
In particular, the following holds.

If ¢ is a nonsingular transformation of X such that 0 < hy < 0o a.e. [y
and u, g: X — R, are o/-measurable functions such that wo¢ = go ¢
a.e. [u], then u = g a.e. [u]. (11)

The reader should be aware of the fact that E(xx) = 1 a.e. [u] and

E(xx) o ¢~! = X{h, >0} a-e. [u]. (12)
2. A consistency technique in subnormality
2.1. The general case

Let (X,<) and (T,X) be measurable spaces and P: X x ¥ — [0,1] be an
o -measurable family of probability measures, i.e.,

! Recall the well-known fact that a function v: X — Ry is ¢~ !(«7)-measurable if and only if there exists
an of-measurable function u: X — Ry such that v = u o ¢.
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(i) the set-function P(z,-) is a probability measure for every z € X,
(ii) the function P(-,0) is «/-measurable for every o € X.

Denote by & ® X' the o-algebra generated by the family
ARY ={AxoAec oce X}

Let p: &/ — R4 be a o-finite measure. Then (cf. [3, Theorem 2.6.2]) there exists a unique
measure p on & ® X such that

p(Axo)= /P(:L‘,U)u(dac), Aed,oeX. (13)
A

Such a p is automatically o-finite. Moreover, for every &/ @ Y-measurable function f: X x
T — Ry,

the function X > z — /f(x,t)P(x, dt) € Ry is &/-measurable (14)
T

and
[ 1a0=[ [ @ 0P apuas). (15)

Let ¢ be an @/-measurable transformation of X. Define the transformation @ of X x T
by
P(z,t) = (o(x),t), zeX,teT. (16)

Since the o-algebra {E € o ® X:9"}(E) € o/ ® X} contains o/ K X, we deduce that
the transformation @ is &/ ® Y-measurable.
The assumptions we gather below will be used in further parts of this section.

The triplet (X, o7, u) is a o-finite measure space, ¢ is an

/-measurable transformation of X, (T, X) is a measurable space and

P: X x ¥ — [0,1] is an &/-measurable family of probability measures.

The measure p: &/ ® X — R, and the transformation @ of X x T are
determined by (13) and (16), respectively. (17)

We begin by establishing the basic formula that links hg and hg.

Lemma 5. Suppose (17) holds. Then the following assertions are valid.

(i) If ¢ is nonsingular and P(x,-) < P($(x),-) for p-a.e. x € X, then & is nonsingular.
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(ii) If @ is nonsingular, then so is ¢.
(iii) If @ is nonsingular and hy < 0o a.e. [p], then hg < 0o a.e. [p] and

he(z)(E(P(-,0)) 0 ™) (z) = /hq;(x,t)P(x, dt) for p-a.e. x € X, o€ X. (18)

(o)

Proof. (i) Take E € o ® X such that p(E) = 0. Then, by (15), we have

/XE(x,t)P(x, dt) =0 for p-a.e. z € X.
T

Hence xg(z,t) = 0 for P(x,-)-a.e. t € T and for p-a.e. + € X. Since ¢ is nonsingular,
we see that xg(¢(x),t) = 0 for P(¢(x),-)-a.e. t € T and for p-a.e. x € X. By our
assumption, this implies that xg(¢(x),t) = 0 for P(z,-)-a.e. t € T and for p-a.e. x € X.
This combined with (15) implies that p(®~1(E)) = 0.

(ii) If A € o is such that pu(A) =0, then by (13) we have p(A x T) = u(A) = 0 and
thus p(¢™H(4)) = p(@~ (A% T)) =

(iii) Applying the measure transport theorem, we obtain

P (A x ) =po (D) x0) Z [ Plaou(dn)
$=1(4)

@ / E(P(,0))dp'= /h¢E(P("U))°¢71d#, Aed,ocex. (19
$=1(4) 4

Since @ is nonsingular, we infer from (15) that

p(@7HA x 7)) hg(x,t)P(x, dt)u(dz), Ae ,0€X. (20)
e

Combining (19) with (20) and using the o-finiteness of u, we get (18).
Since hy < oo a.e. [p], there exists {A,}7%2, C & such that A, X as n — oo,
u(Ay) < oo and hy < k a.e. [pu] on Ay for every k € N. Then

/ he dp = //h¢xt (z, dt)p(dz)

n X

(18>/h¢E(P( T)) o=l du (1:2>/h¢du<n,u(An), neN,  (21)

Ap A

which implies that hg < oo a.e. [p] on A, x T. Since A, x T S~ X x T as n — o0,
we conclude that hg < oo a.e. [p]. This completes the proof. O
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Below we introduce the conditions (CC,) and (CC{I) (cf. Lemma 6 and Theorem 7)
which play a fundamental role in this paper. We begin by proving that the first moments
J7C(t)P(-, dt) of an o/-measurable family P: X x X — [0,1] of probability measures
satisfying (CC,) cannot vanish on a set of positive measure . We also calculate hg.

Lemma 6. Suppose (17) holds, ¢ is nonsingular, hgy < oo a.e. [u] and (:T — Ry is a

Y -measurable function such that’

_ L {®)P(g(x), db)
he(d(x))

Then the following three assertions hold:

E(P(-,0))(2)

for p-ae. x e X, o€l

(i) P(z,{¢ =0}) =0 for p-a.e. x € X, and ¢ > 0 a.e. [p],

(i) if A € o is such that [, ((t)P(x, dt) =0 for p-a.e. x € A, then p(A) =0,

(iii) @ is nonsingular and
ha(z,t) = X{h, >0y ()C(t) for p-a.e. (z,t) € X x T.
Proof. (i) It follows from (CC,) that E(P(-,{¢ = 0})) = 0 a.e. [u]. Hence
P, {¢ = 0})u(dr) =0,
¢~H(X)
and thus P(z,{¢ =0}) =0 for p-a.e. x € X. This in turn implies that

p({(z.t) € X x T:¢(t) = 0}) 2 / Pz, {C = 0})pu(dz) = 0,

X

which means that ¢ > 0 a.e. [p].

(CC¢)

(ii) If z € X is such that [ ((t)P(z, dt) =0, then P(x,{¢ > 0}) = 0. This combined
with (i) implies that P(z,T) = 0 for p-a.e. € A. Since P(z,T) = 1 for every x € X,

we get pu(A) =0.
(iii) Arguing as in (19) and using Proposition 3, we get

p@ i ax0) = [ EPCo)

p(dz),

—1(4)
((gc) / fg C(t)P((b(fL‘)? dt)
A )

2 By (5) and (14) the right-hand side of the equality in (CC.) is &/-measurable a.e. [u].
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2 /X{h¢>0} /C (z, dt)u(dz)

2 [ @@ e, Aedoes. @

AXo

It is clear that &7 := &/ K X is a semi-algebra such that 0(#) = & @ X. Since hy < o0
a.e. [, there exists a sequence {A,,}22; C & such that A, 7~ X asn — oo, u(4y) < 0o
and hy < k a.e. [u] on Ay, for every k € N. Then

(13)

p@ (4, x 1) 2 0 (A) = [ hodu <n(an) <oo, meEN. (1)

ATI,

By (23), (24) and Lemma 1, the measures & @ ¥ 3 E — p(®~1(E)) € Ry and & ® X >
E — [ X{n,>0}(@)¢(t) dp(x,t) € Ry coincide. Consequently, ¢ is nonsingular and, by
the o-finiteness of p, the equality (22) holds. O

Now we identify circumstances under which the Radon-Nikodym derivative hg de-
pends only on the second variable.

Theorem 7. Suppose (17) holds, ¢: T — R is a X-measurable function, ¢ is nonsingular
and hy < 0o a.e. [p]. Then the following assertions are equivalent:

(CC¢) holds and hy > 0 a.e. [,

(CC¢) holds and [ C(t)P(-, dt) =0 a.e. [u] on {hy = 0},
(CC¢) holds, D is nonsmgular and Cg is quasinormal,
the condition below holds

he(z)(E(P(-,0)) o /C (z, dt) for y-a.e. z € X, o€ X, (CCZl)

(v) @ is nonsingular and hg(x,t) = ((t) for p-a.e. (x,t) € X x T,
(vi) @ is nonsingular, hy > 0 a.e. [u] and

/hqs(gzﬁ( ), t)P( , dt) /C ), dt) for p-a.e. x € X, o€ X. (25)

o

Moreover, each of the conditions (i) to (vi) uniquely determines ¢ (up to sets of measure
p zero) and guarantees that 0 < ¢ < oo a.e. [p].

Proof. (i)=(iv) Set H,(x) = [ ((t)P(z, dt) for x € X and o0 € 2. By (14), H, is
gf -measurable. Tt follows from (CC¢) and (10) that

[h¢ (E(P(~0)) o ¢>—1)} op=H,opae. [, o€
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This and the assumption that hy > 0 a.e. [u] imply (CCgl) (see (11)).

(iv)=-(ii) Substituting o = T into (CCgl), we deduce that [, ((¢)P(-, dt) = 0 a.e. []
on {hs = 0}. Composing both sides of the equality in (CCgl) with ¢ and using (2) and
(10), we obtain (CC¢).

(ii)=(i) Apply Lemma 6(ii) with A := {hs = 0}.

(i)=(v) Note that if f,g: X — Ry are </-measurable functions such that f = g
a.e. [u], then f(z)((t) = g(x)¢(t) for p-a.e. (z,t) € X x T. Indeed, by (15), we get

/ F@)C() dp(a, t) = / fa / X C(OPL, du(ds) = [ g(x)C(0) dp(a, 1)

E

for every F € & ® X, which together with the o-finiteness of p proves our claim. This
property combined with Lemma 6(iii) implies (v).

(v)=(iv) Employing (15) and the o-finiteness of u, we deduce that for every o € ¥
and for p-a.e. x € X, [ he(x,t)P(x, dt) = [ ((t)P(x, dt). This and Lemma 5(iii) yield
(CC{I).

(v)=-(iii) It follows from Lemma 5(iii) that hg < oo a.e. [p], and thus, by (4), Cg is
densely defined. Using (2), we see that hg = hgo® a.e. [p]. Hence, by [13, Proposition 8.1],
Cy is quasinormal. Since (v) implies (i), (CC¢) holds.

(iii)=-(i) By [13, Proposition 8.1 and Corollary 6.6], Cg is injective. Define the mapping
U:L*(n) — L%(p) by (Uf)(z,t) = f(x) for (z,t) € X x T. Then, in view of (15), U is a
well-defined isometric embedding such that UCy = CaU. Hence Cy is injective. It follows
from [13, Proposition 6.2] that hy > 0 a.e. [u].

(v)=(vi) As (v) implies (i), we get hy > 0 a.e. [u]. Applying the measure transport
theorem, we see that

/ / ha (6(2),£) P(6(), dbyu( dx) = / / ho(@)ha (2, ) P(z, dt)u(dz)
A o

6-i(a) o
1w / ha(@ho (w0 dp(a) Y [ haa)c(0) dp(at)
AXo
/ /C dt)pu(dz), Aed,oeX. (26)
$=1(A) o

This, together with the o-finiteness of p|y-1(4), yields (vi).
(vi)=(i) By Lemma 5(iii), the condition (18) holds. Composing both sides of the
equality in (18) with ¢ and using (2) and (10), we obtain

I, ha(o )P(¢(z), di)
(())

This, together with (25), gives (CC¢).

E(P(-,0))(z) =

for p-a.e. x € X, o€ X
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Now we justify the “moreover” part. The uniqueness of { follows from the equiva-
lence of the conditions (i) to (vi) and the equality in (v). In turn, by Lemma 5(iii) and
Lemma 6(i), we see that 0 < ¢ < oo a.e. [p]. This completes the proof. O

Let us make two comments concerning Theorem 7.

Remark 8. a) First note that instead of proving the implication (vi)=-(i), one can prove
the implication (vi)=-(v). The latter can be justified as follows. Since hg > 0 a.e. [u] and
p({(z,t) € X xT:hg(x) =0}) = p({x € X:hg(x) =0} (cf. (13)), we get hy > 0 a.e. [p].
Arguing as in (26), we see that for every E € &/ K X

[ hathate ) dote.t) = [ hol@)c(®) dp(e. ). (27)

E E

It follows from (21) that fAnxT hg(z)he(z,t) dp(x,t) < n?u(A,) < oo for every n € N.
Hence, by Lemma 1, the equality (27) is valid for every E € o/ ® Y. Since p is o-finite,
we deduce that hy(z)he(z,t) = hy(z)((t) for p-a.e. (z,t) € X x T. This and the fact
that hgy > 0 a.e. [p] imply (v).

b) Under the assumptions of Theorem 7, if @ is nonsingular and there exists a count-
able family X of subsets of T such that X' = o(X)) (in particular, this is the case for
T =R, and ¥ =B(R4)), then (25) holds if and only if

he(p(x),t) = ((t) for P(¢(x), )-a.e. t € T and for p-a.e. x € X. (28)

For this, note that without loss of generality we may assume that Y is a countable
algebra of sets. Suppose (25) holds. It follows from (21) that [.he(x,t)P(z, dt) < oo
for pra.e. € X, and thus [ hg(¢(x),t)P(¢(x), dt) < oo for p-a.e. z € X. Hence, there
exists Xy € & such that pu(X \ Xo) = 0, the equality in (25) holds for all ¢ € X and
z € Xo, and [ he(o(x),t)P(¢(x), dt) < oo for every x € Xo. Applying Lemma 1, we
conclude that the equality in (25) holds for all ¢ € X and x € Xg, which implies (28).
The reverse implication is obvious.

Now we state the main criterion for subnormality of unbounded densely defined com-
position operators written in terms of the conditions (CC.) and (CCgl). Note that the
injectivity assumption in the hypothesis (ii) of Theorem 9 is not restrictive because each
subnormal composition operator being hyponormal is injective (see [13, Corollary 6.3];
see also [36, Theorem 9d] for the bounded case).

Theorem 9. Let (X, o7, u) be a o-finite measure space and ¢ be a nonsingular trans-
formation of X such that Cy is densely defined. Suppose there exist an </ -measurable
family P: X x X — [0,1] of probability measures on a measurable space (T,X) and a
X -measurable function ¢:T — R, satisfying one of the following two equivalent condi-
tions:
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(i) (CC.') holds,
(if) (CC¢) holds and Cy is injective.

Then Cy is subnormal. Moreover, under the notation of (17), & is nonsingular and Ce
is a quasinormal extension of Cg.

Proof. Since Cy is densely defined, we infer from (4) that hy < oo a.e. [u]. It follows
from [13, Proposition 6.2] and Theorem 7 that the conditions (i) and (ii) are equivalent.
Thus, we may assume that (CCZl) holds. By Theorem 7, & is nonsingular and Cg is
quasinormal. Let U be as in the proof of the implication (iii)=-(i) of Theorem 7. Then
U is an isometric embedding such that UCy = CgU. This, combined with the fact that
quasinormal operators are subnormal (cf. [62, Theorem 2]), completes the proof. O

From now on we will concentrate on the particular cases of (CC.) and (CCZ]') in
which T =Ry, ¥ =B(R) and ((¢t) =t for t € Ry, i.e,,

_ [, tP(8(), di)

E(P(-,0))(x) hy (¢(x))

for prae. z € X, o€ B(Ry), (CC)

he(2)(E(P(-,0)) 0™ ")(z) = /tP(x, dt) for prae. € X, o€ B(Ry). (CC™H

o

We refer to (CC) as the consistency condition (it has been inspired by [16]).

It is worth pointing out that if P: X x X — [0,1] is an «/-measurable family of
probability measures satisfying (CC.) (respectively, (CCgl)), the function ( is injective
and (o) € B(R,) for every o € X, then, by the measure transport theorem, the
mapping P: X x B(R,) — [0,1] given by

P(z,0) = P(z,( " (0)), z€X,oeBRy),

is an &/-measurable family of Borel probability measures which satisfies (CC) (respec-
tively, (CC™1)).

Note that if hy, > 0 a.e. [u] (in particular, this is the case for hyponormal composition
operators, cf. [13, Proposition 6.1 and Corollary 6.3]), then we can modify hg so that
hy(z) > 0 for every x € X. Then for every o € B(R;.), the function I',: X — R defined
by

[, tP(x, dt)
hy(z)
is o/-measurable (cf. (14)) and the function E(P(-,0)) can be identified with I'; o ¢

whenever (CC) holds. As a consequence (cf. Theorem 7), for every o € B(R.), the
function E(P(-,0)) 0 ¢~! can be identified with I, whenever (CC ') is satisfied.

I'y(x) r€ X,



P. Budzynski et al. / Journal of Functional Analysis 269 (2015) 2110-2164 2125

Below we show that the consistency condition, which together with injectivity is suffi-
cient for subnormality, turns out to be necessary in the case of quasinormal composition
operators.

Proposition 10. Let (X, o/, 1) be a o-finite measure space and ¢ be a nonsingular trans-
formation of X such that Cy is quasinormal. Then there exists a ¢~ (o/)-measurable
family P: X x B(R4) — [0,1] of probability measures which satisfies (CC). Moreover,
if P X x B(R4y) — [0,1] is any o -measurable family of probability measures satisfy-

ing (CC), then P(x,-) = P(x,-) for p-a.e. x € X.

Proof. We can assume that 0 < hy < oo (cf. [13, Section 6] and (4)). It follows from
[13, Proposition 8.1] that hy = hg o ¢ a.e. [u]. Define the ¢~!(«/)-measurable family
P: X x B(R4+) — [0,1] of probability measures by

P(z,0) = Xo(hs(4(2))), =€ X,0€BRy). (29)

Since hy = hgo¢ a.e. [u] and ¢ is nonsingular, we deduce that P(¢(x),0) = xo(hg(o(x)))
for p-a.e. x € X and for all o € B(R,). This yields

S, tP(¢(x), dt)
he(o(z))

Combining (29) and (30) shows that P satisfies (CC).
The “moreover” part follows from (29) and Corollary 18. O

= Xo(hg(d(x))) for prae. z € X, o€ B(R,). (30)

2.2. The bounded case

We begin by proving a “moment measurability” lemma which is a variant of [42,
Lemma 1.3]. The proof of the latter contains an error which comes from using an untrue
statement that characteristic functions of Borel sets on the real line are of the first Baire
category. The proof of Lemma 11 is extracted from that of [15, Theorem 4.5].

Lemma 11. Let (X, «7) be a measurable space and K be a compact subset of the complex
plane C. Suppose that {9, }rex is a family of Borel probability measures on K such that

the map X 3 z — /zminﬁm(dz) € C is o -measurable for allm,n € Z,.  (31)
K
Then the function P: X x B(K) 3 (z,0) — 9,(0) € [0,1] is an o -measurable family of
probability measures.

Proof. Without loss of generality we may assume that K is a rectangle of the form
K = [-r,r] x [=r,r], where r is a positive real number. It follows from (31) that for
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every p € C[z, 2] the function X 5 2 — [, pdd, € C is &/-measurable, where C|z, Z]
stands for the ring of all complex polynomials in variables z and z. If f: K — C is
a continuous function, then by the Stone—Weierstrass theorem, there exists a sequence
{pn}2, C Cl[z, 2] which converges uniformly on K to f. Hence, due to the fact that
each measure ¥, is finite, the sequence { . 5 Pn U2 }22, converges to S [ d, for every
x € X, which implies that the function X > x +— fK fdd, € Cis &/-measurable. Take
an arbitrary rectangle L = [a1,b1) X [a2,b2) with aj,a2,b1,b2 € R. Then there exists
a sequence {f,}>2, of continuous functions f,: K — [0,1] which converges pointwise
to xrnx- We infer from the Lebesgue dominated convergence theorem that the function
X sz~ 9,(LNK) e 0,1] is «/-measurable. Set

M = {o € B(K): the function X >z + J,(c) € [0,1] is &/-measurable}.

It is easily seen that 901 is a monotone class which contains @ and K, and which is closed
under the operation of taking finite disjoint union of sets. Hence, the algebra Xy generated
by the semi-algebra of all rectangles of the form L N K with L as above, is contained
in M. By the monotone class theorem (cf. [3, Theorem 1.3.9]), M = o(Xy) = B(K),
which completes the proof. O

Remark 12. Lemma 11 can be easily adapted to the N-dimensional case by allowing
exponents m,n in (31) to vary over the multiindex set Zf . The proof is essentially the
same.

Note that a bounded subnormal operator S always has a bounded normal extension.
Indeed, by [63, Theorem 1], the spectrum of a minimal normal extension N of spectral
type of S is contained in the spectrum of S which is compact; hence, by the spectral
theorem, NV is bounded. This means that our definition of subnormality extends that for
bounded operators.

Theorem 13. Suppose (X, o, ) is a o-finite measure space and ¢ is a nonsingular trans-
formation of X such that Cy € B(L?*(p)). Then the following conditions are equivalent:

(i) Cyp is subnormal,

(ii) Cy is injective and there exists an < -measurable family P: X x B(R4) — [0,1] of
probability measures which satisfies (CC),

(ii") there exists an o -measurable family P: X x B(R) — [0, 1] of probability measures
which satisfies (CC™1),

(iii) Cy is injective and there exists an <7 -measurable family P: X x B(Ry) — [0,1]
of probability measures such that (CC) holds and the closed support of P(x,-) is
contained in [0, |Cy||?] for p-a.e. x € X,

(iil") there exists an of -measurable family P: X x B(R1) — [0, 1] of probability measures
such that (CC™") holds and the closed support of P(x,-) is contained in [0,]|Cy]?]
for p-a.e. x € X.
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The conditions above remain equivalent if the expression “for p-a.e. x € X 7 is replaced
by “for every x € X 7. Moreover, if Cy is subnormal and Pi, Py: X x B(Ry) — [0, 1] are
o -measurable families of probability measures satisfying (CC), then Py(z,-) = Pa(x,-)
for p-a.e. x € X.

Proof. By Theorem 9, (ii) is equivalent to (ii’) and (iii) is equivalent to (iii’).

(i)=-(iii) Since subnormal operators are hyponormal, we deduce that hy > 0 a.e. [y]
(cf. [36, Theorem 9d]), and thus Cy is injective. Set K = [0, ||Cyp||?]. By [41, Corollary 4]
(or rather by [15, Theorem 3.4] where ¢(X) = X is not assumed), there exist a set
Ay € o and a family {J,:x € Ag} of Borel probability measures on K such that
w(X \ Ag) =0 and for every x € A,

hon (z) = [ t"0,(dt), ne€Z;. (32)
/

Setting hgn (2) = x{03(n) and V. (0) = xo(0) forn € Zy, x € X \ Ag and 0 € B(K), we
may assume that each hygn is &7-measurable and (32) holds for all # € X. By Lemma 11,
the function P: X x B(K) — [0, 1] given by

P(z,0) =9,(0), z€X,0€B(K),

is an &/-measurable family of probability measures. Set T' = K and ¥ = B(K). Let
p and @ be as in Section 2.1 (with P in place of P). To proceed further we need [42,
Lemma 2.4]. Since its proof contains an error of the same type as that mentioned in
the first paragraph of Section 2.2, we provide a correction. Applying the polynomial
approximation procedure given in Lambert’s original proof, we get

p(@ Y (B)) = / tdp(z,t) (33)

E

for every set E of the foorm F = A x (J N K), where A € & and J = [a,b) with
a,b € Ry. We shall prove that (33) holds for all F € & ® B(K). For this, denote by
Z the algebra generated by the semi-algebra {[a,b) N K:a,b € Ry }. It is clear that
P ={Axo0o:Ac o,oc.F}is asemi-algebra such that 0(#) = & ® B(K) (because
o(F) = B(K)). By [45, Proposition I-6-1], the equality (33) holds for all E € £.
Note that p(@~ (A x K)) = [, hgdp < oo whenever pu(A) < co. As p is o-finite, an
application of Lemma 1 shows that (33) holds for all £ € & ® B(K). This means that
& is nonsingular and hg(x,t) = t for p-a.e. (z,t) € X x K. Applying Theorem 7 with
C(t) ==t for t € K yields

5 _ [, tP(g(x), dt)

E(P(,0))(x) ho (6(2)) for p-a.e. x € X, o€ B(K).
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Setting P(x,0) = P(z,0 N K) for z € X and o € B(R;) shows that (iii) is satisfied.
Note that the closed support of P(z,-) is contained in [0, ||Cy||?] for every z € X.
(iii)=>(ii) Obvious.
(ii)=(i) Apply Theorem 9.
The “moreover” part follows from (iii) and Corollary 18. O

2.3. The consistency condition

The consistency condition is the subject of our investigations in this section. The
following assumptions will be often used.

The triplet (X, o7, u) is a o-finite measure space, ¢ is a nonsingular
transformation of X such that hy < oo a.e. [p] and P: X x B(Ry) — [0, 1]

is an «7/-measurable family of probability measures. (34)

Lemma 14. Suppose (34) holds. Then (CC) is equivalent to each of the following three
conditions:

(i) E(J;° fF@OP(, db))(z) = W for p-a.e. x € X and for every Borel

function f:R, — R,
ii) P(z,{0}) =0 and E 1p(, dt))(z) = Pl@).a) for p-a.e. x € X and for every
ot H

hg (o(x))
o€ B(Ry), A
(iit) Pz, {0}) = 0 and E( [;* L2 P(., dt)) () = L2OZED for pyge v € X and

for every Borel function g:R, — R,

where fooo h(t)P(-, dt) is understood as a function X > x© — fooo h(t)P(x, dt) € R,
whenever h: R, — Ry is a Borel function. Moreover, if (CC) holds, then

E(7%P(~, dt))(x) = m < o0 for p-a.e. x € X.
0

Proof. Since each Borel function f:R, — R, is a pointwise limit of an increasing
sequence of nonnegative Borel simple functions, one can show that (CC) implies (i) by
applying the Lebesgue monotone convergence theorem as well as the additivity and the
monotone continuity of the conditional expectation (see (9)). The same argument can
be used to prove that (ii) implies (iii). It is obvious that (iii) implies (ii) and that (i)
implies (CC).

(i)=(iii) By Lemma 6(i), P(z,{0}) = 0 for p-a.e. * € X. Thus, if g:R, — R, is a
Borel function, then, by applying (i) to the Borel function f(t) = g(t)/t, we obtain (iii).

(iii)=-(i) Apply (iii) to g(t) = tf(t).

The “moreover” part follows from (5) and (iii) applied to g(t) =1. O
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The equality (35) below appeared in [42, Lemma 1.2] under the assumption that ¢
is surjective and Cy is bounded. For self-containedness, we include its proof (essentially
the same as that of Lambert’s one).

Lemma 15. If (X, &7, ) is a o-finite measure space and ¢ is a nonsingular transformation
of X such that hy < oo a.e. [u], then

hgnt1 = hg - E(hgn) 0 ¢~ a.e. [u] for alln € Zy, (35)
hynt1 0 =hgyod-E(hgn) a.e. [u] for alln € Z,. (36)

Proof. In view of the measure transport theorem, we have

p(o™ (D) = o6 AN = [ s

¢—1(4)
2 [ B [y B oo i Ac
$=1(4) A

which yields (35). By (10) and (2), the condition (36) follows from (35). O

Remark 16. Using (35), we can express hgn in terms of hy by iterating the multipli-
cation, the conditional expectation and the operation E(g) o ¢~!. Unfortunately, the
so-obtained formulas are rather complicated (for example, hy2 = hy-E(hy) 0™t ace. [u],
hgs =hg - E(hy - E(hy) 0 ¢™!) 0 ™! ae. [u] and so on).

As shown below, under the assumption that hg > 0 a.e. [u], an o/-measurable family
P of probability measures satisfying (CC) has the property that the “moments” of P(z,-)
coincide with {hyn (2)}72 for p-a.e. z € X. This fact plays an essential role in the present
paper as well as in the proof of the new characterization of quasinormal composition
operators given in [14].

Theorem 17. Suppose (34) and (CC) hold, and hy > 0 a.e. [u]. Then

hen (z) = /t”P(m, dt) for p-a.e. z € X, neZ;. (37)
0

Moreover, if Cg is densely defined for every n € Z,, then {hgn(x)}32, s a Stieltjes
moment sequence with a representing measure P(x,-) for p-a.e. x € X.

Proof. To prove (37), we use an induction on n. Set H,(z) = fooo t"P(x, dt) for x € X
and n € Z,. By (14), the function H,: X — R, is «/-measurable for every n € Z,.
Since P(z,-), © € X, are probability measures, we deduce that Ho(z) =1 for all z € X,
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and thus Ho = hgo a.e. [p]. Suppose that H, = hy» a.e. [y for a fixed n € Z,. Then, by
Lemma 14(i), applied to f(t) =t", we have

oo

Hoir (9(2)) = / P(6(x), dt) = h(o(x)E(H,) (x)

0
= ho(6(@)E(hgr) (@) Z hyuir (p(x)) for prace. z € X.

Applying (11), we get H,, 11 = hygnt1 a.e. [u], which yields (37).
The “moreover” part follows from (37) and the fact that under our density assumption,
hyn (2) < oo for p-a.e. x € X and for every n € Z4 (cf. [13, Corollary 4.5]). O

Regarding Theorem 17, it is worth mentioning that C7 is densely defined for every
n € Z, if and only if D>°(Cy) is dense in L?(u) (cf. [13, Theorem 4.7]).

Corollary 18. Suppose (34) and (CC) hold, hy > 0 a.e. [u] and the measure P(x,-) is
determinate for p-a.e. v € X. IfP X xB(Ry) — [0,1] is any o -measurable family of
probability measures which satisfies (CC), then P(x,-) = P(x,-) for p-a.e. x € X.

The proof of the following corollary is patterned on that of the assertion (b) of [13
Lemma 10.1].

Corollary 19. Assume that (34) and (CC) hold, and hg > 0 a.e. [u]. Then C = Cyn for
every n € Z.

Proof. By (3.5) and (3.6) in [13], we have D(Cyn) = L*((1 + hgn)du) and D(CY) =
LZ((Z?ZO hgi) dp), and thus Cf € Cgn. Since P(x,-), x € X, are probability measures,
we deduce from (37) that for p-a.e. x € X,

z<>/( ¥t

(e [ (£

1 =0 (L) =0

< (n 4+ 1)(1+ hgn (2)),

which implies that D(Cgn) C D(CF). This completes the proof. O

Remark 20. If Cg is not densely defined for some integer n > 1, then hy» takes the
value oo on a set of positive measure (cf. (4)), which in view of (37) may lead to infinite
moments. We say that a sequence v = {7,152, C R, is a pseudo-Stieltjes moment
sequence if there exists a finite Borel measure v on Ry, called a representing measure
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of ~, such that v, = fooo s"v(dz) for all n € Zy. If v, = oo for some k € N, then
there exists a unique koo(y) € N such that v = oo for every integer k > koo(7),
and vy, < oo for every nonnegative integer k < koo(y). It is easily seen that for every
k € N, there exists a pseudo-Stieltjes moment sequence -« such that k- (v) = k (e.g., the
one represented by the measure v = Zjoil jk%(ij). Note that if v is a pseudo-Stieltjes
moment sequence which is not a Stieltjes moment sequence, then it has infinitely many
representing measures (i.e., 7y is indeterminate). Indeed, let v be a representing measure
of 4. Since the truncated Stieltjes moment problem (with the unknown Borel measure

on Ry)

Yn z/snﬁ(ds), n=0,....keo(y)—1, (38)
0

has a solution ¢ = v, we infer from [24, Theorem 3.6] that there exists a Borel measure
7 on Ry with finite support such that (38) holds for ¥ = 7. Given a € (0,1), we set
Vo = a7+ (1 —a)v. It is clear that the measure v, satisfies (38) and that fooo §"dry = 00
for all integers n > koo (). Hence v, represents « and, as easily seen, the mapping « — v,
is injective.

Remark 21. Theorem 17 suggests the method of looking for an .o/-measurable fam-
ily P of Borel probability measures on R, which satisfies (CC). First, we verify whether
{hgn (2)}5%, is a pseudo-Stieltjes moment sequence for p-a.e. © € X (cf. Remark 20).
If this is the case, then we select a family {9, },ex of Borel probability measures on
R4 such that ¥, is a representing measure of {hyn(z)}>2, for p-a.e. z € X, and
then verify whether the family P: X x B(R;) — [0,1] of probability measures given
by P(z,0) = ¥,(0) for x € X and 0 € B(R,) is «/-measurable and satisfies (CC).
This method works perfectly well in some cases (see e.g., Theorem 32 and Example 42).
Unfortunately, it may break down even if {hyn(2)}7%, is a Stieltjes moment sequence
for p-a.e. z € X. Indeed, there exists a non-subnormal injective composition operator
Cy in L?(p) such that D> (Cy) = L?(u) and {hyn (2)}52, is a Stieltjes moment sequence
for p-a.e. x € X (cf. [39, Theorem 4.3.3] and [13, Section 11]). In view of Theorem 9, for
such Cy there is no possibility to select P with the desired properties.

Our next aim is to show that the condition (CC) behaves well with respect to the
operation of taking powers of composition operators. We begin by proving an auxiliary
result on conditional expectation which is of some independent interest in itself. Given
a o-finite measure space (X, 7, ), a nonsingular transformation ¢ of X and a positive
integer n such that hy» < oo a.e. [p], we write E, (f) for the conditional expectation
of an /-measure function f: X — R, with respect to the sub o-algebra (¢")~!(</)
of /. In view of the discussion in the last paragraph of Preliminaries, the expression
E (f) oo ™ :=E,(f) o (¢")~! makes sense.
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Lemma 22. Let (X, o/, 1) be a o-finite measure space, ¢ be a nonsingular transformation
of X and n be a positive integer such that hg, hgn, hgni1 < 0o a.e. [u|. Then, for every
o -measurable function f: X — Ry, the following hold:

(1) h¢"+1 ' En+1(f) © ¢7(n+1) = hqb” . En(h¢ ! E(f)
(i) hyrr - Ensa(f) 0 6+

Proof. (i) Note that

fai = [ Xoreay 00 B du
X

6= (a)

(10) _
2 [ o
¢~ (4)

xa0¢" Ey(hg E(f) oo ") du
hgn - En(hy -E(f)o¢ ) op™"du, A€, (39)

and

fdp = [ xao0¢"™ Enpa(f)du

s+ (A) X

1) / hgnet - Ens1(f) o~ dy, A€ o, (40)
A

Hence (i) follows from (39), (40) and the o-finiteness of pu.
(ii) Similarly, the equalities

—~
o,
=
\

Xo-1(a) @™ - En(f)du
o= ()

—
=
=

¢-1(a) ~hgn - En(f) oo™ dp

=

Xao0¢-E(hgn - En(f)od™")du

—
—
=

hC/) : E(hd)” : En(f) ° ¢—n) © Qb_l d[l,, Ae %7

I \
Do R M X

combined with (40), give (ii). This completes the proof. O
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If f = 1, then, in view of (12), the formulas (i) and (ii) of Lemma 22 take the following
forms (see (35) where hyn and hynt1 are not assumed to be finite a.e. [u])

hgn+1 = hgn - Ep(hy) 0 ¢~ =hy - E(hyn) 0 ¢~ ace. [u]. (41)
Under more restrictive assumptions on ¢, equalities (41) appeared in [29, p. 166].

Proposition 23. Let (X, .o, u) be a o-finite measure space, ¢ be a nonsingular transfor-
mation of X such that 0 < hy < oo a.e. [p]. Suppose P: X x B(Ry) — [0,1] is an
o -measurable family of probability measures which satisfies (CC). Let n € N be such
that hyn < 0o a.e. [u]. Then for every j =1,...,n,0 < hy < oo a.e. [u] and (CC) holds
with (¢7, E;, P;) in place of (¢, E, P), where Pj: X x B(Ry) — [0,1] is an & -measurable
family of probability measures defined by

Pi(w,0) = P(e, ;' (0), =€ X,0 € B(R,),
with nj: Ry 3t € Ry,

Proof. It follows from Corollary 19 that I = Cyi for j =1,...,n. This together with
[13, Section 6] and (4) implies that 0 < hy; < oo a.e. [p] for j = 1,...,n. Note that if
j €{1,...,n}, then (CC) holds with (¢, E;, P;) in place of (¢, E, P) if and only if

E;(P(-,0))(z) = Jo P& @), db) prae. x€X, ocB(Ry). (42)

hgs (67 ()
We use induction to prove that (42) holds for every j € {1,...,n}. The case of j =1 is
obvious. Assume that n > 2 and (42) holds for a fixed j € {1,...,n —1}. Then, by (10)
and (11) applied to ¢’ in place of ¢, we deduce from (42) that

hgi (x) - (E;(P(-,0)) 0 ¢ ) (x) = /tjP(x, dt) for p-a.e. z € X. (43)

o

Applying Lemma 22(ii) with j in place of n and using (2) and (10), we see that

s (674 (2)) - Ey s (P(,0)) @)
= ho(¢ 1 (2)) - (E(hys - E5(P(,0)) 0 677) 0 ¢7) (a)
hy(o @) (E( [ #PC 40) 0 7))

LR (@), d)
hg (¢! ()
= /tj“P((éjH(x), dt) for p-a.e. x € X,

o

D (7 (2)
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where the equality (f) follows from Lemma 14(i) and (2). Hence, (42) holds for j + 1 in
place of j. This completes the proof. O

2.4. The strong consistency condition

Under the assumptions of (34), we say that P satisfies the strong consistency condition
if
J, tP(g(z), dt)
hg (¢(2))

Some characterizations of (SCC) can be easily obtained by adapting Lemma 14 and its

P(z,0) = for p-a.e. x € X, o€ B(R,). (SCC)

proof to the present context. It is clear that P satisfies (SCC) if and only if it satisfies
(CC) and the following equality

E(P(-,0))(x) = P(x,0) for prae. x € X, o€ B(R,). (44)

Of course, (44) is valid if ¢~!'(«/) = &. The latter holds if ¢ is injective and
&/-bimeasurable (i.e., ¢ is &/-measurable and ¢(A) € & for every A € o). In particu-
lar, this is the case for matrix symbols (cf. Section 3.1). Note also that each quasinormal
composition operator satisfies (SCC) with some P (cf. Proposition 10).

Now we show that if a measurable family P: X x B(R) — [0, 1] satisfies (SCC), then
all negative moments of the measure P(x,-) are finite for p-a.e. z € X.

Proposition 24. Suppose (34) and (SCC) hold. Then P(x,{0}) =0 for p-a.e. x € X and
the following equalities are valid for every Borel function f:R, — R,:

/f (z, dt) = b1 T t”i(¢j§§)); d) for p-a.e. v € X, néeN. (45)
0 ] 1

In particular, the following equalities hold for alln € N and m € Z:

[, t" " P(¢" (), dt)

(i) [ t™P(x, dt) = L T h (@7 ) for p-a.e. z € X and every o € B(R,),
(ii) [ t™P(z, dt) = ff::n;:;?;ﬁzy)d?t for p-a.e. x € X and every o € B(Ry),
(iii) [ & P(z, dt) % for p-a.e. x € X and every o € B(R,),

iv) J, CHnP(o"(x), dt) = HJ Lhe(¢? () for p-a.e. x € X,
V) [ &Pz, dt mforu—a.e.xe)(.

Moreover, if hg > 0 a.e. [u], then E(hgn) = hgn a.e. [u] for everyn € Z4.

Proof. That P(x,{0}) = 0 for p-a.e. z € X follows directly from (SCC). Using repeatedly
(SCC) with appropriate substitutions (cf. (2)), we get
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LIPOW.A) _ LEP@EE ) _ L), d
ho(@(z)  ho(@(a)h < @) I hel@ @)

for p-a.e. € X whenever n € Nand o € B(R,.). Hence, by applying [50, Theorem 1.29],
we get (45).

Substituting f(t) = t"™x.(t) into (45), we get (i). Applying (i) to m = —n we ob-
tain (iii). In turn, applying (i) to m = 0 and 0 = Ry, we get (iv). Combining (i) and
(iv) gives (ii). Finally, (v) follows from (iii), applied to o = Ry.

To show the “moreover” part, assume that hy, > 0 a.e. [p]. Arguing as in the proof of
Lemma 14, we infer from (44) that for every Borel function f: R, — R,

E(7f(t)P(~, ) /f (z, dt) for prae. z € X.
0

Substituting f(t) = ¢™ and using Theorem 17 we complete the proof. O

P(z,0) =

Corollary 25. If (34) and (SCC) hold, then for every n € N,

H hy (¢ (2)) < H hy(¢? (z /t”P(x, dt) for p-a.e. x € X. (46)
Jj=n-+1 0

Proof. By Proposition 24(v) and the Cauchy—Schwarz inequality, we have

[ ol @) 7}”% at) = 1= (7# =P dt>)2
0 0

j=1
o0 o0 1
< /t"P(:c, dt) / t—nP(z, dt) for pra.e. z € X, neN.
0 0

Hence, the right-hand inequality in (46) holds. This, together with Proposition 24(iv),
implies the left-hand inequality in (46). O

In Proposition 26 we characterize the circumstances under which the equalities
E(hgn) = hgn a.e. 1], n € Z4, hold. It is worth mentioning that the condition (iv) below
resembles the formula (6.4) in [16, Lemma 6.2] which was proved for Cy-semigroups of
bounded composition operators with bimeasurable symbols.

Proposition 26. Let (X, o7, 1) be a o-finite measure space and ¢ be a nonsingular transfor-
mation of X such that hy < 0o a.e. [u]. Then the following two conditions are equivalent:

(i) E(hgn) = hgn a.e. [p] for alln € N,
(ii) hgnt1 0o =hgo¢-hgn a.e. [pu] for alln € N.
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Moreover, if (i) holds, then the following equalities are valid:

(ili) hgmin 0 @™ =hgod---hyo @™ hgm a.e. [p] for allm € Zy and n € N,
(iv) hgmin 0 @™ =hgn 0 @™ - hym a.e. (] for allm € Z; and n € N,

(V) hgn o™ =hgod---hyo " a.e. [u] for alln € N,

(vi) hgnt10¢™ =hgod? - hyo o™ a.e. [u] for allm € Zy.

Proof. (i)=-(ii) This is a direct consequence of (36).

(ii)=(i) Applying the operator of conditional expectation to both sides of the equality
in (ii) and using (8), we get hyn+10¢ = hgo¢-E(hgn) a.e. [u] for all n € N. This together
with (ii) implies that hg 0 ¢ -hgn =hg o ¢ - E(hgn) a.e. [u] for all n € N. Since hy 0 ¢ > 0
a.e. [u], we get (i).

Now assume that (i) is satisfied. By (ii), the equality in (iii) is valid for n = 1 and for
all m € Z,. Suppose that this equality holds for a fixed n € N and for all m € Z, . Since
the equality in (ii) is valid for n = 0, we see that for every m € Z,

hgmmin © " =hyminin 0" 0 =hgo@? - hgod"t - hymir oo
i hgo@? - hyod" ! -hyodp-hym =hgod---hsod" ! hym ae. [u].

By induction, this implies (iii).
Substituting m = 0 and m = 1 into (iii) we get (v) and (vi), respectively. Combining
(iii) with (v) gives (iv). This completes the proof. 0O

The following is a direct consequence of Propositions 24 and 26.

Corollary 27. If (34) and (SCC) are satisfied and hy > 0 a.e. [p], then hynt1 0 ¢ =
hyoo-hgn a.e. [p] for alln € N.

Remark 28. Under the assumptions of Proposition 26, if additionally ¢ is a bijection
whose inverse ¢! is nonsingular (see [16, Lemma 3.1(ii)] for the possibility of weakening
this assumption), then ¢ ~!(/) = &/ and thus, by Proposition 26(v),

hgn =hgo¢®---hgodp ™ Vae [u], neNl.
This happens for composition operators with matrix symbols (cf. Section 3.1).
The next observation is inspired by [16, Remark 6.4].
Remark 29. Note that if (34) holds, the measure tP(x, dt) is determinate for y-a.e. z € X
and Hy,410¢ = hyo¢- Hy a.e. [y for every n € Zy, where Hy,(z) = [~ t"P(x, dt), then

(SCC) is valid. Moreover, if hy > 0 a.e. [], then H,, = hyn a.e. [y] for every n € Z,.
Indeed, take a set Xy € & of u-full measure such that for every x € X, the measure
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tP(z, dt) is determinate and Hp11(¢(x)) = hy(¢(x))H, (z) for every n € Z,. Then the
measures tP(¢(x), dt) and P(z, dt) are determinate for every z € XoN ¢~ (Xo) (cf. [39,
Lemma 2.1.1]). Since, by our assumption, the nth moments of the measures tP(¢(z), dt)
and hg(¢(z))P(z, dt) coincide for alln € Z and z € Xo, and (X \ (XoNo~(Xo))) = 0,
we see that (SCC) is satisfied. The “moreover” part follows from Theorem 17.

We conclude this section by showing that for bounded subnormal composition oper-
ators condition (i) of Proposition 26 holds if and only if the representing measures of
{hgn (2)}22,, € X, form a measurable family which satisfies (SCC).

Proposition 30. Suppose (34) holds, Cy € B(L?*(un)) and

for p-a.e. x € X, {hgn(x)}or, is a Stieltjes moment sequence

with a representing measure P(x,-). (47)
Then P satisfies (CC) and the following three conditions are equivalent:

(i) P satisfies (SCC),
(ii) E(P(-,0))(x) = P(x,0) for p-a.e. x € X and for every o € B(R,),
(iif) E(hgn) = hgn a.e. [u] for everyn € Z.

Proof. First we show that P satisfies (CC). In view of (47) and Lambert’s criterion (see
[41]; see also [15, Theorem 3.4]), Cy is subnormal. By [36, Theorem 9d] and Theorem 13,
hg > 0 a.e. [u] and there exists an «/-measurable family P: X x B(R,) — [0,1] of
probability measures which satisfies (CC) (with P in place of P), and which has the
property that the closed support of P(z,-) is contained in [0, |Cyl|?] for p-a.e. z € X.
It follows from (47) and Theorem 17 that the nth moments of the measures P(z,-) and
P(z,-) coincide for every n € Z, and for p-a.e. # € X. Since any Borel measure on
R, with compact support is determinate, we conclude that f’(x, ) = P(z,-) for p-a.e.
z € X. Hence P satisfies (CC).

(i)<(ii) This is clear, because P satisfies (CC).

(ii)=-(iii) Apply the “moreover” part of Proposition 24.

(iii)=-(ii) We partially follow the proof of [15, Theorem 3.4]. Without loss of generality
we may assume that hgo = 1, hgn is ¢! (&)-measurable and 0 < hyn < oo for alln € Z,.
Set Y ="y {# € X:hgemin (z) < [|Cyll*hg2n (x)}. It is clear that Y € ¢~ (). Since
for every f € L?(u) and for all n € Z,

[ 180 die = | CEC 1P < ICIHICE 17 = [Col* [ 17 i
X X

we deduce that p(X \'Y) = 0. Given a nonempty subset W of C, we define the subsets
Zw and Zy of X by



2138 P. Budzynski et al. / Journal of Functional Analysis 269 (2015) 2110-2164

Zw = ) N {x €X: zn: hgi+s ()N = 0},

NEZ4 Aoy s An €W 1,j=0

Zw = N {x €X: Zn: hgititt (2)A A, > 0}.

NEZ4 Ao, A€W 3,7=0

Let S be a countable and dense subset of C. Noting that Z¢ = Zg and ZC = Zs,
we deduce that Zc, Zc € ¢~ (7). It follows from (47) and [4, Theorem 6.2.5] that
(X \ Ze) = u(X\ Zc) = 0. Set 2 =Y NZcNZe. Then 2 € ¢~ (o) and (X \ £2) = 0.
Applying [4, Theorem 6.2.5] and [67, Theorem 2], we see that for every x € (2 there exists
a Borel probability measure ¥, on K := [0, ||Cy||*] such that [, t"9,(dt) = hgn(z) for
all n € Z,. It follows from Lemma 11 that the function 2 > =z — 9,(0) € [0,1] is
¢~ (/)-measurable for every o € B(K). Define P: X x B(R,;) — [0,1] by

P(z,0) =

. {ﬁz(aﬂK) ifx e £2, € B(R,).

do(o) otherwise,

It is clear that P is a ¢~ 1(/)-measurable family of probability measures. By (47), the
nth moments of the measures P(z,-) and P(z,-) coincide for all n € Z, and for p-a.e.
z € X. Hence P(z,-) = P(z,-) for p-a.e. x € X. This yields

E(P(0))(z) = E(P(-,0))(x) = P(z,0) = P(z,0)
for p-a.e. x € X and for all 0 € B(R,). This completes the proof. O
3. Applications and examples
3.1. The matriz case

Fix a positive integer k. Denote by w, the k-dimensional Lebesgue measure on the
k-dimensional Euclidean space R*. We begin by introducing a class of densities on R*.
Denote by J# the set of all entire functions v on C of the form

v(z) = Z anz™, z€C, (48)
n=0

where a,, are nonnegative real numbers and aj > 0 for some k > 1. Let v be in 4 and
[l - || be a norm on R* induced by an inner product. Define the o-finite Borel measure
iy on R* by i (dz) = v(||z|*)ws (dz). Given a linear transformation A of R*, one can
verify that the composition operator C4 in L?(u,) is well-defined if and only if A is
invertible. If this is the case, then (cf. [56, Eq. (2.1)])

1 (A =)

") = T3 Al A ()

z € R\ {0}. (49)
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Hence, each well-defined composition operator C'4 is automatically densely defined and
injective (because 0 < ha < 0o a.e. [it,]). We refer the reader to [56] for more information
on this class of operators (see [43] for the case of Gaussian density).

The main result of this section will be preceded by an auxiliary lemma concerning the
measurability of convolution powers of families of Borel measures on R;. Given n € N
and a finite Borel measure v on R, we define the nth multiplicative convolution power

" of v by

yon / / ot W(dty)...v(dt,), o€ B(R,). (50)
0 0

We also set v*%(0) = x,(1) for 0 € B(R,). The standard measure-theoretic argument
shows that for every Borel function f:R, — Ry,

O/f(t)y*"(dt)o/ o/f y(dty)...v(dt,), neN. (51)

Lemma 31. Let (X, &) be a measurable space and {v,:x € X} be a family of finite Borel
measures on Ry such that the function X 5 x — v,(0) € Ry is &7 -measurable for all
o € B(Ry). Then the function X > x — vi"(0) is &/ -measurable for all o € B(R,)
andn € Z.

Proof. We can assume that n > 2. Suppose first that there exists R € Ry such that
the closed support of each measure v, is contained in K := [0, R]. The standard
measure-theoretic argument shows that the function X 3 z — [ t"v,(dt) € Ry is
gf -measurable for all m € Z. It follows from (51) that

/tml/*" (dt) = (/tmum(dt)>n, reX,meZ;. (52)
0 0

By [60, Corollary 3.4], the closed support of v;™ is contained in [0, R"] for every z € X.
Note that v5™ = 0 whenever v, (R4 ) = 0. Since X > z — v, (R;) € Ry is &/-measurable,
we deduce from (52) and Lemma 11 that the function X > = — vi"(0) € Ry is
&/ -measurable for all ¢ € B(R,).

Coming back to the general case, we set vy ,(0) = v, (N[0, k]) for x € X, 0 € B(R;)
and k € N. Applying the above to {vy ,:x € X}, k € N, and using (50), we complete the
proof. O
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Now we show that if a linear transformation A of R is normal® in (R”,|| - |), then
the composition operator C, is subnormal in L?(u,). As shown in [56, Theorem 2.5],
the converse implication is true for bounded composition operators (see also [15, Theo-
rem 3.6] for the case of families of composition operators). It is an open question whether
this is true for unbounded operators.

Theorem 32. Let v be in 5, || - || be a norm on R* induced by an inner product and A
be an invertible linear transformation of R®. If A is normal in (R",| - ||), then Cy is
subnormal in L* ().

Proof. Let (C”, || -||c) be the Hilbert space complexification of (R”, | -||) with the inner
product (-, —). and A; be the corresponding complexification of A. Then A, is invertible
and normal in (C*,| - ||c). Denote by E the spectral measure of |A.|72. For z € R*,
define the finite Borel measure v, on Ry by v,(0) = (E(0)z,z). for o € B(R,). Since
A is normal, we see that A.E(-) = FE(-)A., which yields

vaz(0) = (A E(0)z, 2)e = (| A7) T E(0)z, 2)c = / %Vz(dt) (53)

o

for all z € R® and o € B(R,). Noting that the function R® 3> = — v,(0) € Ry is
continuous for every o € B(R,) and applying Lemma 31, we deduce that the mapping
P:R* x B(Ry) — [0,1] given by

1 . *n .
Ple,0) = { 3l 2 e (detdl-o) itz 20 e ey

Xo (1) if =0,
is a B(R")-measurable family of probability measures, where {a,}22, is as in (48) and

|det A| - o := {|det A|t:t € o}.
We claim that P satisfies (SCC). For this, note that

—
t
—

N2

Xo(t1- - tn) t1- tnvag(dty) ... va,(dty,)

[t

o

—
t
w

N7

Xo(tl cee tn)l/m(dtl) . I/z(dtn)

I
T8 T
iy oy

2 vi"(o), z€R" oceBR;y), neN. (55)

x

3 Equivalently: VAV ™! is normal in (R®,| - |), where | - | is the Euclidean norm and V is a positive
invertible operator in (R”,| - |) such that ||z|| = |Vz| for all z € X (cf. [56, p. 310]).
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Now, by applying the measure transport theorem and (49), we get®

m/tP(Ax dt) || %) Zan/|detA| tvi (| det A| - dt)

g

ST Z“” | wvisan

| det Al-o

IxH Zan "(|det A] - o)
= P(z,0), ze€R"\{0},0 € B(R,),
which proves our claim. Applying Theorem 9 completes the proof. O

The part of the proof of Theorem 32 regarding the 9 (R"*)-measurability of the family
P is based on Lemma 31. Although in the matrix case this can be justified in an elemen-
tary way, Lemma 31 is much more general and fits well into the context of Lemma 11.

We conclude this section by noticing that Theorem 32 remains true for composition
operators whose symbols are invertible C-linear transformations of C”. The proof goes
along the same lines with one exception, namely we have to replace | det A| by |det A|?
(cf. [56, Section 3]).

3.2. The discrete case

In this section we assume that (X, o7, u) is a discrete measure space, i.e., X is a count-
ably infinite set, &/ = 2% and y is a o-finite measure on &7 (or equivalently, u({z}) < oo
for every x € X). Let ¢ be a transformation of X. Clearly, ¢ is «/-measurable. To sim-
plify notation, we write u(z) = p({z}) and ¢;*({z}) = {y € ¢~ ({z}): u(y) > 0} for
x € X. The transformation ¢ is nonsingular if and only if u(¢=1({z})) = 0 for every
x € X such that p(x) = 0. Hence, if u(x) > 0 for every x € X, then ¢ is nonsingular.
Assume that ¢ is nonsingular. Setting hgn(x) = 1 if pu(z) = 0, we see that

plo " ({=}))

he ) = T

, t€X nel,. (56)

(Recall that, according to our convention, % = 1.) Thus hg < oo a.e. [ if and only if

ule~1({x})) < oo for every z € X with u(z) > 0. The positivity of h, and surjectivity
of ¢ relates to each other as follows.

4 The notation vy (|det A] - dt) is used when integrating with respect to the measure

B(Ry) Do vin(|det Al - o) € Ry.
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Lemma 33. If pu(x) > 0 for all x € X, then hy(xz) > 0 for all z € X if and only if
H(X) = X.

Proof. Note that for every z € X, hy(z) > 0 if and only if ¢~ ({z}) #2. O

Assume that hy < 0o a.e. [u]. Since X = [ e4x) ¢~ ({2}), we get

s ={ Lo teacomn),

zEA

where the symbol “| |” is used to denote pairwise disjoint union of sets. Note that a func-
tion f on X taking values in Ry or in C is ¢~1(&/)-measurable if and only if f is constant

on ¢~t({z}) for every z € ¢(X). Setting E(f) =1 on ¢~ ({z}) if u(¢~1({z})) = 0, we
see that

Jo—1(qap
E(f) = Z d)({4(}{)$})) Xop—1({z}) (57)

T€H(X)

for every function f: X — R.. By linearity this equality holds a.e. [u] for every f € L?(u)
as well.
Now we investigate the consistency condition (CC) in the context of discrete measure

= 2X

spaces. Since &/ , we can abbreviate the expression “an «/-measurable family of

probability measures” to “a family of probability measures”.

Lemma 34. Let (X, <7, 1) be a discrete measure space, P: X x B(Ry) — [0, 1] be a family
of probability measures and ¢ be a nonsingular transformation of X such that hy < oo
a.e. [p]. Then (CC) is equivalent to each of the following conditions:

(i) for every x € X such that u(¢=*({z})) > 0, the following holds:
[irwa = Y A0 oenm,)
o yede ' ({z})

(ii) for every x € X such that (¢~ ({z})) > 0, the following hold:

P(y,{0}) = 0 for every y € ¢ *({x}), and

Pao)= 3 48 [IPwan. oenr).
yEde ' ({z}) o
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(iii) for every x € X such that p(¢=1({z})) > 0, the following hold:

P(y,-) < P(z,-) for everyy € qﬁ:l({m}), and

. uly) dP(y,-)
= u(z) dP(,- (t) for P(z,-)-a.e. t € Ry,
yeds ' ({z})

~
~—

(iv) for every x € X such that u(¢p~'({x})) > 0, the following hold:
P(.’I," {O}) = 07P(y7 ) < P(l‘, ) fOT’ every y € (bo_l({x})v and

= T ML e ek,
yEds ({z}) ’

Proof. Applying (56), (57) and the decomposition X = | |,cs(x) ¢ ({2}), we deduce
that (CC) is equivalent to (i). In turn, employing (56), (57) and Lemma 14(ii), we verify
that (i) is equivalent to (ii). By the Radon—Nikodym theorem, (i) is easily seen to be
equivalent to (iii).

(ii)=-(iv) Since (ii) implies (iii), it suffices to show that P(x,{0}) = 0 whenever
w(¢~r({z})) > 0. Suppose that, on the contrary, there exists # € X such that
w(@ t({x})) > 0 and P(z,{0}) > 0. Since ¢ is nonsingular, we see that u(z) > 0.
Hence z € ¢ 1 ({¢(z)}), and thus by (ii) P(x,{0}) = 0, a contradiction.

(iv)=-(iii) Evident. O

The above preparation enables us to state a discrete version of Theorem 9.

Theorem 35. Let (X, o7, ) be a discrete measure space and ¢ be a transformation of X
such that

(i) for every x € X, pu(x) =0 if and only if u(¢=*({z})) =0,
(i) pw(o=t({x})) < oo for every x € X such that p(x) > 0.

Suppose there exists a family P: X x B(R,) — [0,1] of probability measures which sat-
isfies one of the equivalent conditions (i) to (iv) of Lemma 34. Then Cy is subnormal.

Proof. By (56), the conjunction of the conditions (i) and (ii) is equivalent to requiring
that ¢ is nonsingular and 0 < hy < 0o a.e. [p]. Combining [13, Proposition 6.2] and (4),
we see that 0 < hy < oo a.e. [p] if and only if Cy is injective and densely defined. Hence,
by applying Lemma 34 and Theorem 9 with {(¢) = ¢, we complete the proof. O

It is worth mentioning that if ¢ is an injective nonsingular transformation of a dis-
crete measure space, then, by (56), hyn < oo a.e. [u] for every n € N, and thus, by
(13, Corollary 4.5 and Theorem 4.7], D>(Cy) is a core for Cy for every n € Z.. More-
over, the conditional expectation E(-) acts as the identity map (see the paragraph just



2144 P. Budzynski et al. / Journal of Functional Analysis 269 (2015) 2110-2164

below (44)). Hence (CC) becomes (SCC). This observation enables us to apply the re-
sults of Section 2.4. In particular, combining Propositions 24(i) and 26(v), we get the
following.

Proposition 36. Let (X, .o/, 1) be a discrete measure space and ¢ be an injective nonsin-
gular transformation of X . Assume that P: X x B(Ry) — [0,1] is a family of probability
measures which satisfies (CC). Then

(i) [ t"P(¢™(x), dt) = hgn(¢"™(2)) - P(z,0) forallo € B(Ry), n € Zy and x € X such
that p(zx) > 0.

Moreover, if u(x) > 0 for every x € X, then
(i) [ t"P(x, dt) = hgn(z)-P((¢™)"*(x),0) forallo € B(Ry), x € ¢"(X) andn € Zy.

Below we will discuss the question of subnormality of composition operators in
L?-spaces over discrete measure spaces with injective symbols. This is done by exploiting
a model for such operators which is based on [66, Proposition 2.4].

Remark 37. Suppose (X, 7, u) is a o-finite measure space such that X is at most
countable, &7 = 2% and u(x) > 0 for every x € X. Let ¢ be an injective transfor-
mation of X. We say that Cy is of type I if there exists u € X such that the mapping
Zy >n— ¢"(u) € X is bijective, of type 1T if ¢ is bijective and there exists u € X such
that the mapping Z > n — ¢™(u) € X is bijective, and of type III if there exist u € X
and m € N such that the mapping {0,...,m — 1} 3 n — ¢"(u) € X is bijective (note
that then ¢™ = idx). One can show that a composition operator of type I cannot be
subnormal (in fact, it is not hyponormal because Cyx(yy; = 0 and Cjx () # 0), and it
is unitarily equivalent® to the adjoint of an injective unilateral weighted shift. A compo-
sition operator of type II is unitarily equivalent to an injective bilateral weighted shift.
Hence, by applying Theorem 35, we obtain the Berger—Gellar—Wallen characterization of
subnormality of injective bilateral weighted shifts (see [12, Theorem 3.2] and note that
Theorem 47 follows from Theorem 35). In turn, a composition operator of type III is a
bounded mth root of I (because dim L?(u) < co and ¢™ = idx). Hence, by Proposi-
tion A.3, it is subnormal if and only if it is unitary. The latter happens if and only if hy =1
(again because dim L?(u) < 00), or equivalently if and only if X > z +— u(x) € (0,00)
is a constant function. It follows from [66, Proposition 2.4] and Proposition C.1 that if
¢ is an arbitrary injective transformation of X, then there exist N € NU {co} and a
sequence {Y,}_, C &/ (¢) of pairwise disjoint nonempty sets such that X = ngl Yo,
each Cy, is of one of the types I, Il or III, and Cy is unitarily equivalent to @2]:1 Coy,

5 Via the unitary isomorphism U:£2(Z,) — L?*(u) given by (Uf)(¢™(u)) = % for n € Z4 and
f € £%(Z4); see also [38, Remark 3.1.4].
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(with the notation as in Appendix C). In view of the above discussion, if Cy is sub-
normal then there is no summand of type I in the decomposition @5:1 Cy, , and thus
Cy is unitarily equivalent to an orthogonal sum of at most countably many operators,
each of which is either a subnormal injective bilateral weighted shift or a unitary mth
root (m > 1) of the identity operator on a finite dimensional space. On the other hand,
by Corollary C.2, an orthogonal sum of at most countably many composition operators
of one of the types I, II or III is unitarily equivalent to a composition operator Cy in
an L2-space over a o-finite measure space (X, 2%, ) such that X is at most countable,
u(x) > 0 for every x € X and ¢ is injective.

3.3. Local consistency

In this section we show that the “local consistency technique” introduced in [11,
Lemma 4.1.3] for weighted shifts on directed trees can be implemented in the context of
composition operators in L2-spaces over discrete measure spaces. The non-discrete case
does not seem to make sense. In what follows we preserve the notation from Section 3.2.

Lemma 38. Let (X, o/, ) be a discrete measure space and ¢ be a nonsingular transfor-
mation of X such that hy < oo a.e. [u]. Let x € X be such that u(¢p~'({z})) > 0 and
for every y € ¢ ({x}), {hgn (y)}52, is a Stielties moment sequence with a representing
measure ¥,. Then the following assertions are valid.

(i) If

7;

/—\

I

(y) 1
/ Zﬁy (58)
0

yEde ({1})

then {hyn(x)}02 is a Stieltjes moment sequence with a representing measure Uy
given by

~ 1

’lgr(O') = Z @ / *ﬂy(dt) + &g 50(0’), (S %(R+), (59)
yeda ' ({z) ule) )

where

7;

e =1—
w(x)

I
) / S0, (dt (60)
0

/—\

y€¢o {1}

(i) If {hgn(z)}32 is a Stielties moment sequence, and {hynt1(x)}02 is a determi-
nate Stieltjes moment sequence, then (58) holds, the Stieltjes moment sequence
{hgn () }22, is determinate and its unique representing measure O, is given by (59)
and (60).
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Proof. It follows from Lemma 15 that

g () = hgron (8(1) 2 ho(a) - Elhe) (), w€ o7 (e} neZy.  (61)

Using (57), we see that for every function f: X — R,

EMNE= Y (”if(y» e o ({a)).

yEpat({z}) H

This and (61) yield

h 0o 0o
h¢n+1 (.T) = Lxl)’[' /tn’&y / I/ac(dt) n e Z_;,_,
0

yEPe 1({3:})

where v, is the Borel measure on R given by

he(z)
n(e=1({z}))

Vp =

1(y) - Vy.
yeds({z})

Hence, {hgn+1(z)}52 is a Stieltjes moment sequence with the representing measure v.
Noticing that hgo(z) =1 and

L = W) [Ly o o
[t = X BB L@, oenr)

o yEds  ({z}) o

we can apply [11, Lemma 2.4.1] with ¥ = 1 to obtain (i) and (ii). This completes the
proof. O

Remark 39. Regarding Lemma 38, it is worth pointing out that if E(hgn) = hyn a.e. [y
for every n € Z, then assertions (i) and (ii) are still valid if (58) is replaced by

/%193, < 1 for some y € ¢ ({z}),
0
and (59) and (60) are replaced by (with the above y)
1 , r1
V(o) = hy(z) / ;ﬁy(dt) +ée, - 00(0) with e, =1 — hy(x /;ﬁy
0

Indeed, in view of (61), the Stieltjes moment sequence {hyn+1(2)}22, is represented by
the measure hy(z) - ¥, and thus we can apply [11, Lemma 2.4.1]. Note that under the
circumstances of (ii) the measure 9, does not depend on y € ¢4 ({z}).
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It is worth mentioning that Lemma 38 does not exclude the possibility that the trans-
formation ¢ has an essential fixed point z, i.e., * € ¢;'({x}) (under the assumption
w(e~t({x})) > 0, this is equivalent to ¢(x) = x). We will show that if this is the case
(cf. Example 42), then, under the determinacy assumption, all the representing measures
9, are concentrated on the interval (1, c0) except for ¥, which is concentrated on [1, 00).

Lemma 40. Under the assumptions of Lemma 38, if {hyn(x)}2%, is a Stieltjes moment

sequence, {hgn+1(x)}22 is a determinate Stieltjes moment sequence and x € ¢ ({z}),
then 9,([0,1)) = 0 and 9,([0,1]) = 0 for every y € ¢3*({z}) \ {z}.

Proof. Since, by Lemma 38(ii), the sequence {hgn (x)}52 is determinate, we deduce that

¥y = ¥, (with ¥, as in Lemma 38). By (58), 9, ({0}) = 0 for all y € ¢ ({z}). In view
of (59), we see that for every o € B(R),

1 4¢) / 1
1——)19mdt: YY) 29 (dt) + e, - 60(0), 62
JO-Poan=" 3 EE [ Lot e s (62)
o yEde  ({zH)\ {2} o
with the convention that Zye o Uy = 0. Since the right-hand side of the equality in (62) is
nonnegative, we conclude that the measure 9, is concentrated on [1,00). Hence, £, = 0
and each measure 9,, y € ¢, ' ({z}), is concentrated on [1,00). Substituting o = {1}
into (62) completes the proof. O

The local consistency technique enables us to prove the subnormality of injective
composition operators Cy under certain determinacy assumption. Theorem 41 below
can be regarded as a counterpart of [11, Theorem 5.1.3].

Theorem 41. Let (X, o7, 1) be a discrete measure space and ¢ be a nonsingular transfor-
mation of X such that {hgn(z)}72 is a Stieltjes moment sequence and {hgn+1(z)}52
is a determinate Stieltjes moment sequence for p-a.e. © € X. Then Cy is subnormal if
and only if hg > 0 a.e. [p]. In particular, Cy is subnormal if p(z) > 0 for every x € X.

Proof. Suppose hy, > 0 a.e. [u]. Set Xo = {x € X:p(x) > 0}. We infer from (56)
that Xe = {z € X: u(¢~'({z})) > 0}. By Lemma 38(ii), for every z € X, the Stieltjes
moment sequence {hyn (z)}52 is determinate; denote its unique representing measure by
P(x,-). Set P(x,-) = dp for € X'\ X,. Since hyo = 1, we see that P: X x B(R,) — [0,1]
is a family of probability measures. By Lemma 38(ii), we have

Po)= 3 %/%P(y, dt)+ e, -00(0), o E€BR,), x€ X (63)
yEde ' ({z})

o

It follows from (63) that P(y,{0}) = 0 for all y € ¢ ({z}) and z € X,. Since x €
¢ 1 ({o(x)}) for every x € X, we deduce that ¢(z) € X, and = € ¢, 1 ({¢(x)}) for every
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x € X,o. Hence P(z,{0}) = 0 for every z € X,. Substituting ¢ = {0} into (63), we
deduce that €, = 0 for every x € X,. This means that condition (ii) of Lemma 34 is
satisfied. By Theorem 35, Cy is subnormal. The reverse implication follows from [13,
Proposition 6.2 and Corollary 6.3].

Suppose now that p(z) > 0 for every x € X. Note that for every x € X, the Stieltjes
moment sequence {hgn(2)}52, is determinate (see e.g., [11, Lemma 2.4.1]); denote its
representing measure by ¢,. In view of the previous paragraph and Lemma 33, it suffices
to show that ¢(X) = X. Suppose that, contrary to our claim, there exists zg € X \ ¢(X).
Then ¢ "({zo}) = @ for all n > 1, which implies that ¥,, = dy. Observe that zy €
o3 ({é(x0)}). Applying Lemma 38(ii) to o = ¢(x) and using (58), we deduce that
¥4, ({0}) = 0, which contradicts 9., = dg. This completes the proof. O

3.4. A single essential fixed point

Now we address the question of subnormality of composition operators induced by a
transformation which has a single essential fixed point z, i.e., $~1({z}) is a two-point
set and ¢~ 1({y}) is a one-point set for every y # x. The situation seems to be simple,
but it is not. It leads to nontrivial questions in the theory of moment problems. This
enables us to construct unbounded subnormal composition operators Cy with the se-
quence {hyn+1(0)}72 being either determinate or indeterminate according to our needs.
For them the equalities E(hgn) = hyn a.e. [pu], n € Z,, cannot hold. This is also rare in
the bounded case.

Example 42. Let (X, <7, 1) be a discrete measure space with X = Z, such that u(n) >0
for every n € Z;. Assume that p(0) = 1. Define the (nonsingular) transformation ¢
of Zy by ¢(0) =0 and ¢(n) =n — 1 for n > 1. By (56), we have

HOAR) s,
w(k)

hgn (k) =< » ne’,. (64)
douli) k=0,
j=0

Since {x{z}: 7 € X} € D>(Cy), we see that D>(Cy) is dense in L (u).

Suppose {hyn (0)}22, is a Stieltjes moment sequence with a representing measure g,
{hgn+1(0)}72, is a determinate Stieltjes moment sequence and {hgn(1)}72 is a Stieltjes
moment sequence with a representing measure ;. It follows from Lemma 40, applied
to = 0, that J9([0,1)) = 91([0,1]) = 0. We claim that the Stieltjes moment sequence
{hgn(1)}5%, is determinate,

7 ()
o/t_ Li,(dr) <1
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and

190(0):/fil)lﬂl(dt)Jraél(a), o € B(R,),

with

Indeed, by (64), we have

h¢n = l—l—,u / —|—tn71)191(dt), n € N.
0
This yields
/tn(t — 1)190(dt) = h¢n+1 (0) — h¢n = /tn’l% dt nec Z+. (65)
0 0

Note that the measure (¢t — 1)Jg(dt) is determinate. Indeed, since the measure tdq(dt),
being a representing measure of {hyn+1(0)}22, is determinate, we infer from (1) that
Clt] is dense in L2((1 + t?)tdo(dt)). Hence, if o € B(R,), then there exists a sequence
{pn}22, C C[t] such that

lim / Xo(t) — P21+ £2)t00(lt) =
n— oo
Therefore
lim / [Xo (8) = P (t) 21+ £2)(t — 1)9(at) =
n— oo

This implies that C[t] is dense in L2((1+#2)(t — 1)Jo(dt)). Applying (1) again completes
the proof of the determinacy of (¢t — 1)¥o(dt) (because ¥9([0,1)) = 0). This combined
with (65) implies that {hgn(1)}3%, is determinate and pu(1)91(c) = [ (t — 1)Jg(dt) for
every o € B(R). Hence, for every o € B(R,),

%ﬁl(dt) +J0({1})d1(0),

0(0) = dolo 1 (L.oo) + dolo n {1 =

oN(1,00)

and Yo({1}) = &, which proves our claim.
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The above reasoning can be reversed in a sense. Namely, we will provide a general
procedure of constructing the measure p that guarantees the subnormality of Cy (with X,
o/ and ¢ as at the beginning of this example and p(0) = 1). Take a Borel probability
measure ¥ on R such that

o0 o0

9([0,1]) =0, a:= /t—%ﬁ(dt) < 00, /t"ﬁ(dt) < oo forallneZy. (66)
0 0

Note that a > 0. Take u(1) € (0,1/a] and set

/t" Lo(dt), n>2. (67)
0

Clearly, (k) > 0 for all k € Z. Define the family P:Z; x B(R4) — [0, 1] of probability
measures by

@ k—1 i
e U/t 9(dt) Fh>1

P(kag) = o€ %(R+), (68)
/:El)lﬁ(dt) +edi(o) ifk=0,

o2

withe=1— [, @19( dt). Observe that P satisfies condition (i) of Lemma 34. Indeed,
if K > 1, then

/tP(k, dt) = % /t’“ﬁ(dt) = %P(m 1,0), o€ B(Ry),

g o

while for k£ = 0, we have

/tP(O, at) :u(l)/t_—lﬁ(dt)—i-sfh( )

g g

= w(V(0) + 1) [ E79(de) + <B1(0)

o

=u(1)P(1,0) 4+ P(0,0), o€ B(R,).

Hence, by Theorem 35, Cy is subnormal. In view of Lemma 34 and Theorem 17, P(k, )
is a representing measure of {hyn (k)}5%, for every k € Z,. Note also that

E(hgn) = hgn a.e. [u] for all n € Z if and only if ¥ = 014,,(1)- (69)
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(Of course, if ¥ = 014,(1), then € = 0.) Indeed, it is clear that E(hgn) = hgn a.e. [u] for
all n € Z4 if and only if hyn (0) = hyn (1) for all n € Z4 (cf. (57)), or equivalently if and
only if 337 p(j) = p(n+1)/u(1) for all n € Zy. (cf. (64)). By induction on n, the latter
holds if and only if p(n + 1) = p(1)(1 + u(1))™ for all n € Z. This and (67) (consult
also (1)) completes the proof of (69). We point out that the situation described in (69)
may happen only when Cy, € B(L?(p)), and if this is the case, then [|Cy||? = 1 + u(1)
(cf. (70)).

Note that if ¥ and p are as in (66) and (67) with 9(R;) = 1, u(0) = 1 and p(1) €
(0,1/a], then C, € B(L*(u)) if and only if sup(suppd) < oc. Indeed, by (64), Cy €
B(L?*(p)) if and only if § < oo, where 3 := sup;, wktl) Since J(R4) = 1, we infer

n(k)
from (67) that {u(k+1)}52, is a Stieltjes moment sequence with a representing measure

w(1)3(dt). Hence, by Lemma 2, we see that § < oo if and only if sup(supp?) < oo
Moreover, if Cy, € B(L?*(p1)), then by Lemma 2, [46, Theorem 1] and (64) we have

|Cs|*> = max {1 + (1), sup(supp 19)} (70)

Now we provide explicit examples of measures ¥ leading to unbounded subnormal Cy’s
for which the sequence {hgn+1(0)}52 is either determinate or indeterminate according
to our needs. We begin with the determinate case. Set

_ c—l Zj*l e*j2 5j and Yn = /tnﬁ(dt) for n € Z+,
Jj=2 0

where ¢ = Z;iz 51 e Tt is easily seen that ¢ is a probability measure which satis-

fies (66). Let a, p and P be as in (66), (67) and (68) with p(0) =1 and p(1) € (0,1/a].
Note that there exists a positive real number b such that v, < dn™ for all n > 1 (see
[39, Example 4.2.2] and [60, Example 7.1]). This implies that there exists a positive real
number b such that hyn(0) = fooo t"P(0, dt) < ¥'n™ for all n > 1. By the Carleman
criterion (see e.g., [52, Corollary 4.5]), the Stieltjes moment sequences {hgn (0)}>2, and
{hgn+1(0)}72, are determinate.

The indeterminate case can be done as follows. Let ¢ be an indeterminate probability
measure such that® 9([0,2)) = 0. Clearly ¥ satisfies (66). Set p(1) = 2. Then ¢ = 0 and
for every Borel function f:R, — R,

/f (1 +¢%) /f )(1+ t3)tP(0, dt).
0 0

5 Consider e.g., the measure ¥ given by 9¥(c) = 5(% - o) for 0 € B(Ry), where 9 is the g-orthogonality
probability measure for the Al-Salam—Carlitz polynomials (0 < ¢ < 1), which is indeterminate and sup-
ported in {q~ "}, (cf. [20]).
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By (1) and the indeterminacy of ¥, this implies that the measure ¢P(0, dt) is indetermi-
nate, and thus the corresponding sequence of moments {hyn+1(0)}52 is indeterminate.

3.5. Finite constant valences on generations

In this section we investigate composition operators built on a directed tree with finite
constant valences on generations. Let & = (V, E) be a rootless and leafless directed tree,
where V and E stand for the sets of vertices and edges of .7, respectively. Denote by
par(v) the parent of v € V. Assume that V' is countably infinite. Let u be a o-finite
measure on 2" such that p(x) > 0 for every x € V; call u(z) the mass of the vertex .
Set ¢ = par. By [38, Proposition 2.1.12], there exists a partition {G, }mez of V such that
Gmt1 = Usea,, ¢ ({z}) for every m € Z; call G,, the mth generation of 7. Assume
that {Km }mez is a two-sided sequence of positive integers and {aum, tmez is a two-sided
sequence of positive real numbers such that

¢~ ({z}) has k,, elements for all x € G,,, and m € Z, (71)

w(x) = ayy, for all x € Gy, and m € Z. (72)
We call {km, }mez the valence sequence of 7. Define {&m, }mez C (0,00) by

| iftm>1,

Fm =4 1 ifm=0, (73)
(TG k) ifm< -1

It is a matter of routine to show that
EmBm = Rm+1, M € Z. (74)

Lemma 43. Under the assumptions above we have

n—1
(i) hgn(x) = % H Km+j for allz € Gy, m € Z and n 2> 1,

(11) E(h¢n) = h¢n fOT alln € Z+,
(iii) D>(Cy) is dense in L*(p).

Proof. (i) We use induction on n. If n =1, then by (71) and (72), we have

o)~ MO D)

QO O

, € Gy, meZL.

Now, assume that the induction hypothesis holds for a fixed n > 1. Then
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p(o" (¢~ {2}) 2 3 am1(6”"({y}))

h n+1(T) =
¢ ( ) Am amﬂ(y)

yep~ 1 ({z})

n—1

= Z OZLH hgn (y) = Z Gl Smntl H Km+j+1

yep—1t({z}) " yes({zy) M Omtl 5

n n

(71) Op4n+1 AUm+n+1

= 7}{mHmm+j = 7H1€m+j, x € Gy, meE 7.
Am Am

=1 =0

This completes the proof of (i).

(ii) By (i), the function hgn is constant on ¢~*({z}) for all z € V and n > 1. Since
hgo =1, we get (ii).

(iii) By (i), {x{z}:x € V} € D>(Cy), which yields (iii). O

A two-sided sequence {ay, }nez C Ry is called a two-sided Stieltjes moment sequence if
there exists a Borel measure v on (0, 00) such that a, = f(o 00) s"v(ds) for every n € Z;
the measure v is called a representing measure of {ay }nez. By [4, p. 202], we have

{an}nez C Ry is a two-sided Stieltjes moment sequence if and only if

{an—r}o, is a Stieltjes moment sequence for every k € Z . (75)

Using our main criterion, we provide necessary and sufficient conditions for subnormality
of composition operators considered above. To the best of our knowledge, this class of
operators is the third one, besides unilateral and bilateral injective weighted shifts (cf. [62,
12]), for which condition (ii) of Theorem 44, known as Lambert’s condition (see [40]),
characterizes the subnormality in the unbounded case.

Theorem 44. Under the assumptions of the first paragraph of this section, D>°(Cy) is
dense in L?(u) and the following four conditions are equivalent:

(i) Cy is subnormal,

(ii) {||Cgf||2};l'°:0 is a Stieltjes moment sequence for every f € D>(Cy),

(iif) {hgn(x)}22, s a Stieltjes moment sequence for every z € V,

(iv) {mfm tmez is a two-sided Stieltjes moment sequence (cf. (73)).

Proof. By Lemma 43(iii), D>(Cs) = L?(u). The implications (i)=-(ii) and (ii)=-(iii)
follow from [11, Proposition 3.2.1] and [13, Theorem 10.4] respectively.

(iif)=(iv) Set Ym = @mim for m € Z. An induction argument based on (74) shows
that Rp—m = R H;l;ol Kj—m for all m € Z, and n € N. Applying Lemma 43(i) implies
that vy—m = a—mA_mhgn () for every n € Zy and for all x € G_,,, and m € Z.. This,
together with (75), yields (iv).

(iv)=(i) Let v be a representing measure of the two-sided Stieltjes moment sequence
{ay @mbm ymez. Define the mapping P:V x B(Ry) — [0,1] by
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Plz,0) = /tm dv(t), € Gm, o€ BR,), me L. (76)

Since v is a representing measure of {aglam/%m}mez, we see that P is a family of
probability measures. Applying (74), (76) and Lemma 43(i), we deduce that

fa tP(¢(-’L‘), dt) _ e70] /tmd
= v(t)

h¢(¢(x)) a?n”m—l’%m—l

g

= P(z,0), oc€BRL), v G, meZ.

This means that the family P satisfies (SCC). Since 0 < hy < oo, we infer from Theorem 9
that Cy is subnormal. This completes the proof. O

Remark 45. In view of Theorem 44, Cy is subnormal if and only if there exists a two-sided
Stieltjes moment sequence {7, }mez such that a,, = &, 1y, for all m € Z. Hence, if 7
is a full k-ary directed tree, i.e., k,, = & for all m € Z, then &,, = k™ for all m € Z, and
consequently Cy is subnormal if and only if {a, }mez is a two-sided Stieltjes moment
sequence. This characterization of subnormality of Cy does not depend on «. For x =1,
it covers the case of injective bilateral weighted shifts (cf. [35] and [62]). Therefore,
a question arises as to whether the composition operator C, built on a directed tree
with the valence sequence {fm,}mez is unitarily equivalent to an orthogonal sum of
injective bilateral weighted shifts. The answer is in the negative if x,, > 1 for some
m € Z. This is because the adjoint of an injective bilateral weighted shift is injective
and N(Cj) # {0}. To see that N(C}) # {0}, observe that the linear span of the set
{X{e}:2 € V} is a core for Cy (use [13, (3.5)] and hy < 00). Hence f € L*(u) belongs
to N(C3) if and only if (f,x4-1({s})) = 0 for every x € V, which implies that for
every z € I':= ... 1
Xo-1({z}) and vanishing on V'\ ¢~ !({z}). Then {h,: 2 € I'} is an orthonormal system in
N(C3) and thus N(C3) # {0}. Clearly, if I" is infinite, then dim N(C}) = .

Now we discuss the case of unilateral weighted shifts. By Lemma 43(i), for
{km}mez C N there exists {om }mez C (0,00) such that Cy is an isometry. Clearly

G there exists normalized h, € xy-1({z})L*(p) orthogonal to

R=(C,y) - Fj m ﬂ {f € L?(p): f is constant on ¢~ ”({x})}

n=1zeV

Hence, f € L?(u) belongs to R>(Cy) if and only if f is constant on G,, for every
m € Z. Thus, by (72), R>*(Cy) = {0} if and only if G,, is infinite for every m € Z (by
[38, (6.1.3)], the latter is equivalent to limsup,, ,_ . km > 2). If this is the case, then
by Wold’s decomposition theorem (cf. [23, Theorem 23.7]) Cy is unitarily equivalent to
an orthogonal sum of unilateral isometric shifts of multiplicity 1. Otherwise, the unitary
part of Cy is nontrivial and so, by Wold’s decomposition, Cy is not unitarily equivalent
to an orthogonal sum of unilateral weighted shifts.
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Regarding Theorem 44, if the masses of vertices of the same generation are not as-
sumed to be constant, then there is no hope to get a characterization of subnormality
of Cy. Only a sufficient condition written in terms of consistent systems of probability
measures can be provided (cf. [11,12]). The implications (ii)=-(i) and (iii)=(i) are not
true in general (cf. [39,13]).

Now we characterize the boundedness and left semi-Fredholmness of subnormal com-
position operators considered in Theorem 44. For the theory of Fredholmness of general
and particular operators, we refer the reader to [33] and [38] respectively.

Proposition 46. Under the assumptions of the first paragraph of this section, if Cy is
subnormal and v is a representing measure of {mBm tmez (cf. (73)), then suppv # &
and the following assertions hold:

(i) Cy is in B(L*(u)) if and only if sup(suppv) < oo; moreover, if this is the case,
then ||Cy||* = sup(suppv),
(ii) ¢f ¢ is a positive real number, then ||Cy f|| = c||f|| for every f € D(Cy) if and only
if inf(supp v) > ¢2,
(iii) Cy is left semi-Fredholm if and only if inf(suppv) > 0.

Proof. Set 7,, = ay Ry for m € Z. Since g > 0, we see that suppv # @.
(i) Applying Lemma 2 to the sequences {vp,—r}5o_, k € Z,, we deduce that the

two-sided sequence {%} is monotonically increasing and
m

meZ
sup hg(z) (2 sup Imtl _ sup Imtl _ sup(supp v),
zeV meZ Ym meZ4 Ym

where (1) follows from Lemma 43(i) and (74). This and [46, Theorem 1] yields (i).

(ii) We first note that {y_m, fmez is a two-sided Stieltjes moment sequence with the
representing measure v o 7!, where 7 is the transformation of R, given by 7(t) = %
for t € (0,00) and 7(0) = 0. Using the fact that the two-sided sequence {%}mEZ
is monotonically increasing (see the previous paragraph) and applying Lemma 2 to the

Stieltjes moment sequence {y_n,}>°_,, we get

m —m 1
inf{u:mGZ}:inf{ 7 :m€Z+}: —
Tm T-m-1 Sup{L:m€Z+}
Y-m
1 .
= = inf(supp v). (77)

~ sup(suppro7—1)

By Proposition 4, Lemma 43(i) and (74), ||Cy f|| = c||f|| for every f € D(Cy) if and only
if inf {% m € Z} > ¢*. This and (77) imply (ii).
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(iii) Since Cy is injective closed and densely defined, we infer from the closed graph
theorem that Cy is left semi-Fredholm if and only if it is bounded from below. This and
(ii) complete the proof. O

Note that under the assumptions of Proposition 46, it may happen that Cy is bounded
from below and the measure v is indeterminate. A sample of such measure appears in
the last paragraph of Example 42. In fact, any N-extremal measure on R different from
the Krein one meets our requirements (see [39, Section 2.1] for an overview of the theory

of indeterminate moment problems).
3.6. Weighted shifts on rootless directed trees

Using Theorem 35, we will show that Theorem 5.1.1 of [11] remains true for weighted
shifts on rootless and leafless directed trees with nonzero weights without assuming the
density of C'*-vectors in the underlying ¢2-space. Recall that by a weighted shift on a
rootless directed tree 7 = (V, E) with weights A = {\, },eyv € C we mean the operator
Sy in 2(V) given by

D(Sx) ={f € C(V): Az f € 2(V)},
Sxf=Azf, [€DS),

where Az is the mapping defined on functions f: V — C via

(Az f)(v) =Xy - f(par(v)), veV,

and par(v) stands for the parent of v. We refer the reader to [38] for the foundations of
the theory of weighted shifts on directed trees.

Theorem 47. Let Sx be a densely defined weighted shift on a rootless and leafless directed
tree = (V,E) with nonzero weights X = {A\,}v,ev. Suppose there exists a system
{1t }vev of Borel probability measures on Ry such that

pol) = Y I [ Gt o€ B®R), uev. (78)

veChi(u) p
where Chi(u) denotes the set of all children of u. Then Sy is subnormal.

Proof. In view of [38, Theorem 3.2.1], there is no loss of generality in assuming that all
the weights of Sy are positive. It follows from [38, Proposition 3.1.10] that V' is at most
countable. Since .7 is rootless, we infer from [38, Proposition 2.1.6] that V is countably
infinite. Let & = 2V and ¢(u) = par(u) for u € V. Since .7 is rootless and leafless, we
see that ¢ is a well-defined surjection. As the weights of Sy are positive, we deduce from
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the proof of [39, Lemma 4.3.1] that there exists a o-finite measure p on o/ which satisfies
the following three conditions:

p(u) >0 for all u € V, (79)
w(v) = A2 pu(u) for all v € Chi(u) and u €V, (80)
Sy is unitarily equivalent to the composition operator Cy in L*(V, o/, ).  (81)
It follows from (81) that Cy is densely defined, and thus hy, < oo a.e. [p], or equivalently

w(p™r({u})) < oo for every u € V (cf. (56)). Since .7 is rootless, we infer from (78) that
1y ({0}) = 0 for every u € V. Using (79) and (80), we deduce from (78) that

1
py(o) = Z #(v) /—Mv(dt), o€ B(Ry), ueV,
S ) ot
vep~({u}) o
which means that the family P:V x B(R;) — [0, 1] of probability measures defined by
P(u,0) = py(0) for u € V and o € B(R,) satisfies condition (ii) of Lemma 34. Hence,
by applying (79), (81) and Theorem 35, we complete the proof. O

Arguing as in the proof of Theorem 47, one can deduce from Lemma 38 and Theo-
rem 41 that [11, Lemma 4.1.3] and [11, Theorem 5.1.3] remain true for weighted shifts on
rootless and leafless directed trees with nonzero weights without assuming the density
of C*-vectors in the underlying #?-space.

In the proof of Theorem 47 we have used the fact that a weighted shift on a rootless
and leafless directed tree with nonzero weights is unitarily equivalent to a composition
operator in an L2?-space. Weighted shifts on directed trees are particular instances of
weighted composition operators in L?-spaces. Therefore, one can ask a question whether
weighted composition operators in L2-spaces are unitarily equivalent to composition
operators in L?-spaces. The answer is in the negative regardless of whether the underlying
measure space is discrete or not. This can be deduced from Proposition 48 which in turn
can be inferred from Proposition B.1.

Proposition 48. Let (Y, %,v) be a o-finite measure space, w:Y — R be a B-measurable
function and i be the identity transformation of Y. If the weighted composition opera-
tor T in L*(v) given by

D(T) = {f € L’(v):w- (fop) € L*(v)},
Tf:w (fod))a f S D(T)a

is unitarily equivalent to a composition operator in an L*-space over a o-finite measure
space, then |w| =1 a.e. [v].
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Note that Proposition 48 is no longer valid if we allow w to be complex-valued because
normal operators are unitarily equivalent to the multiplication operators (cf. [70, Theo-
rem 7.33]; see also [49, Theorem VIII.4]) and there are normal composition operators in
L2-spaces which are not unitary (see e.g., [54, Example 4.2]).
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Appendix A. Composition operators induced by roots of the identity

In Appendix A we will show that a subnormal composition operator induced by an
nth root of idx must be bounded and unitary. The proof depends heavily on the fact
that all powers of a composition operator induced by an nth root of idx are densely
defined. We begin by showing that the closures of (a priori unbounded) subnormal nth
roots of I are unitary. The case of bounded operators can be easily derived from Put-
nam'’s inequality (cf. [47, Theorem 1]). Below we present a considerably more elementary
proof.

Lemma A.1. If S is a subnormal operator in a complex Hilbert space H such that S™ is
densely defined and S™ C I for some integer n > 2, then S is unitary.

Proof. Clearly, S is closable and the closure S of S is subnormal. By [57, Proposition 5.3],
S™ is closed. Since S™ is densely defined, we deduce that S™ = I. Hence, by the closed
graph theorem, S € B(H). Let N € B(K) be a minimal normal extension of S acting in
a complex Hilbert space K. By minimality of N, N™ = Iic. This implies that | N|?" = I,
and so |N| = Ix. Therefore, N is unitary and consequently S is an isometry which is
onto (because S™ =1). O

Lemma A.1 is no longer true if we do not assume S™ to be densely defined. Indeed,
for every integer n > 2, there exists an unbounded closed symmetric operator’ S such
that S"~! is densely defined and D(S™) = {0} (cf. [51, Remark 4.6.3]; see also [44,19]
for n = 2). Then S™ C I, but S is not a normal operator.

In the rest of Appendix A we assume that (X, </, u) is a o-finite measure space.
A transformation ¢ of X is called < -bimeasurable if $(A) € & and ¢~1(A) € & for
every A € /. The following lemma is inspired by [16, Proposition 4.1(vi)].

7 Recall that symmetric operators are always subnormal (cf. [1, Theorem 1 in Appendix 1.2]).
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Lemma A.2. If{gbj} _,isa ﬁmte sequence of bijective of -bimeasurable nonsingular trans-
formations of X such that ¢10---0¢, =idx and n > 2, then

ho, ~hgy 00y -hg o(pro---0¢u_1) ' =1 ae. [y (A.1)

Proof. Applying the measure transport theorem repeatedly and an induction argument,
we get

1w(A) = (¢, (pro---0dn1)"1(4)))
:/XAO¢10"'O¢n—1'h¢n o¢;i10¢n—ldu

X

:/XAO¢1O"'O¢n—2'h¢n71'hmofﬁﬁildu

X

= /XA 0p1o- 0y o-hy L odty0hu o hy 0t ti0dt,0h, odu
X

- / Xa0d10--0¢n 3 hg o -hg 0d lyhy optiogt,dpu
X

:/XA'%-h¢2o¢;1~-h¢no<¢1o-~-o¢>n71>—1du, Aed.
X

By the o-finiteness of p, this implies (A.1). O
We are now ready to prove the main result of Appendix A.

Proposition A.3. If ¢ is a nonsingular transformation of X such that ¢" = idx for some
integer n > 2, then the following conditions hold:

@™ 1is a bijective and nonsingular transformation of X for every m € Z,

(i) D(CF) = D(C’gil) for every integer m > n,
(iil) CF' = Cflp=(c,) for all m,r € Zy such that m =n and r = m (mod n),
(iv) D>(Cy) is a core for C3* for every m € Zy,

» € B(L?(w)) if and only if Cy is closed,
» 1s subnormal if and only if Cy is unitary.

i)
)
)
)
) C
(vi) C
Proof. (i) Since ¢" = idy, the transformation ¢ is bijective and ¢~1 = ¢"~1. This

implies that ¢ is .&7-bimeasurable and ¢! is nonsingular. Hence (i) is satisfied.
(ii) and (iii) follow from [64, Proposition 14] and the equality ¢ = idx.
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(iv) If j € {1,...,n}, then by Lemma A.2, applied to n = 2, ¢; = ¢’ and ¢ = ¢" 7,
we deduce that hg; < oo a.e. [p]. In view of [13, Corollary 4.5], this implies that C is
densely defined. Hence, by (ii), D>(Cy) is dense in L?(x). Applying [13, Theorem 4.7]
completes the proof of (iv).

(v) Suppose Cj is closed. Since Cj C I, we infer from (iv) that Cj = I and so
D(Cy) = L?(u). Hence, by the closed graph theorem, C, € B(L?*(u )) The reverse
implication is obvious.

(vi) This condition follows from (iv) and Lemma A.1. O

Example A.4. We will show that for every integer n > 3, there exists a nonsingu-
lar transformation ¢ of a discrete measure space (X, 7, u) such that ¢"™ = idx and
D(C’g*l) G D(C;“Q) G ... & D(Cy). By [64, Proposition 14], it suffices to show that
D(C’gil) ¢ @(CZ”). Set X =74 and &/ = 2% and take a sequence {4}, C (0, 00)
tending to oo. Define p by u(j + kn) = ~j for j € {0 ,n—1} and k € Zy. Let ¢
be the transformatlon of X given by ¢(j + kn) = y j+ 1+ kn for jef{0,....,n—1}
andk€Z+,wherej+l—]+11fj+1 <nand]—|—1—01f]+1—n Itlsclear
that ¢" = idx. Suppose that, contrary to our claim, CD(C;‘ b = (Cg %). Then, by
[13, Proposition 4.3], there exists ¢ € (0,00) such that hyn-1 < ¢(1 + 27;12 hg). Since
hgn-1(n—2+kn) =1y and hy(n—2+kn) =+, foralll € {1,...,n—2} and k € Z,
we arrive at the contradiction.

Appendix B. Symmetric composition operators
We will show that symmetric composition operators are selfadjoint and unitary.

Proposition B.1. Let (X, o7, u) be a o-finite measure space and ¢ be a nonsingular trans-
formation of X. If Cy is symmetric, then Cy is selfadjoint and unitary, and Cé =1.
If Cy is positive and symmetric, then Cy = 1.

Proof. Since symmetric operators are formally normal, we infer from [13, Theorem 9.4]
that if Cy is symmetric, then Cy is normal and consequently selfadjoint. For clarity, the
rest of the proof will be divided into two steps.

Step 1. If Cy is positive and selfadjoint, then Cy = I.

Indeed, by [13, Proposition 6.2], Cy is injective. Since Cy = |Cy|, the partial isometry
U in the polar decomposition of Cy is the identity operator on L?(u). This together with
[13, Proposition 7.1(iv)] yields

foo=f-vhsoopae [u, feL*(n). (B.1)

Take A € & such that p(A) < oco. Substituting f = xa into (B.1) and using (5),
we see that u(A\ ¢71(AQ)) = u(¢=*(AQ)\ A) = 0 and thus u(Q) = (uo ¢~ 1)(A).
Since p is o-finite, we conclude that g = p o ¢~'. Therefore hy = 1 a.e. [u].
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By [13, Proposition 7.1(i)], Cp = |Cy| is the operator of multiplication by h;/Q and
thus C¢ =1

Step 2. If Cy is selfadjoint, then Cy is unitary and C'q% =1

Indeed, by [70, Theorem 7.19], Cﬁ is selfadjoint. Hence C’g is closed. By [13, Corol-
lary 4.2] (with n = 2), we have

C3Cs = CyClp = C3 = C2 = Cy, (B.2)

which means that Cy> is positive and selfadjoint. It follows from Step 1 that Cy> = I.
Therefore, by (B.2), Cy is unitary (see also Lemma A.1) and C’; =1
Putting this all together completes the proof. O

Adapting [15, Example 3.2] to the present context, one can show that the equality
Cy = I does not imply that ¢ = idx a.e. [u]. It may even happen that the set {z € X:
¢(x) = x} is not &/-measurable.

Example B.2. We will show that there exists a selfadjoint composition operator which
is not positive. Set X = Z, and &/ = 2%. Consider a measure y on .2/ such that
0 < u(2k) = w2k +1) < oo for all k € Z, and the transformation ¢ of X given by
#(2k) = 2k+1 and ¢(2k+1) = 2k for k € Z,. Then ¢? = idx and consequently ¢~! = ¢.
It is clear that h, = 1 and thus Cy € B(L?(p)). Since ¢~ (&) = o7, we deduce from [13,
Corollary 7.3 and Remark 7.4] that C5f = h, - f o ¢t =fop=Cuf forall fe L*(pn).
Hence Cy is selfadjoint. Since Cyf = —f, where f(I) = (—1)'xq0,13(I) for I € Z, the
operator Cy is not positive.

Appendix C. Orthogonal sums of composition operators

Let (X, o, u) be a o-finite measure space and ¢ be a nonsingular transformation
of X. Define &7(¢) = {Y € &:¢(Y) C Yand ¢(X \Y) C X \ Y}. Since &(¢) =
{Y € o:¢71(Y) = Y}, &/(¢) is a o-algebra. For nonempty Y € o7(¢), we set o =
{Aed: ACY}, py = il and ¢y = ¢|y. Clearly, (Y, 24, uy) is a o-finite measure
space and ¢y is a nonsingular transformation of Y. Given N € N U {oo}, we write Jy
for the set of all integers n such that 1 <n < N.

Proposition C.1. Suppose N € NU {oo} and {Y,}N_, C &/ (¢) is a sequence of pairwise
disjoint nonempty sets. Set Y = Ui:;l Y,. Then the following hold:

(i) xv,L?(p) reduces Cy and Cyly, r2(u) is unitarily equivalent to Cg, — for every
n e JN,
(i) Colxy 22(u) = Dt Cols, 200
(iii) Cylyy 2(n) s unitarily equivalent to @2’21 Csy, -
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Proof. Since the orthogonal projection Py, of L?(u) onto xy, L*(u) is given by Py, (f) =
Xv, - f for f € L?(u), we see that (Py, f) o ¢ = Py, (f o ¢) for all f € D(Cy). Hence
Py, Cy C CyPy,. The rest of the proof of (i) is straightforward. Since xy L2 (p) =
@gzl xv, L?(p), (ii) follows from (i) and the fact that Cy is closed. Finally, (iii) is a
direct consequence of (i) and (ii). O

Corollary C.2. An orthogonal sum of countably many composition operators in L?-spaces
is unitarily equivalent to a composition operator in an L?-space.

Proof. Let {(X,,, ,, un)}Y_; be a sequence of o-finite measure spaces and {¢, })_; be
a sequence of nonsingular transformations ¢, of X, where N € NU {oo}. Set X =
UM X x {n}, o = {UN_, A, x {n}: A, € o, ¥n € Iy} and p(A) = SN 5 (4,)
for A = Ug:1 A, x {n} (4, € ,). Define the transformation ¢ of X by ¢((z,n))
(pn(x),n) for x € X, and n € Jy. Then (X, o, u) is a o-finite measure space and ¢ is

nonsingular. Applying Proposition C.1 to Y, := X,, X {n}, we deduce that @2;1 Cy, is

n

unitarily equivalent to Cyp. O
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